
ESTIMATION AND INFERENCE FOR VARYING COEFFICIENT
MULTIDIMENSIONAL FIXED-EFFECTS PANEL DATA MODELS

Abstract. This paper presents a general estimation method for a varying coefficient mul-
tidimensional panel data regression model and offers an array of hypothesis testing avenues.
We derive the asymptotic distribution of our estimator, and to construct valid tests, we
develop the necessary central limit theory to conduct inference. The presence of multiple
effects over differing dimensions requires nontrivial changes to the central limit theory for
U-statistics. The types of inference we can conduct offer a diverse array of hypotheses for
applied work and we explicitly present test statistics for some of the most important hypoth-
esis tests. A detailed set of simulations supports our estimator’s asymptotic developments
and reveals that our testing infrastructure possess correct asymptotic size and high power.

1. Introduction

The big data revolution has motivated the rapid emergence of three, four and even higher

dimensional panel data sets. This allows researchers to consider complex interconnectedness

of big data sets due to, for example, the presence of externalities, spillovers or common

shocks. A multidimensional approach is an essential tool for empirical analysis in many

scientific milieu (i.e., economics, finance, criminology, etc.). Suppose we have a panel data set

{(Xij...lt, Zij...lt, Yij...lt) : i = 1, . . . , N1; j = 1, . . . , N2; . . . ; l = 1, . . . , Nl; t = 1, . . . , T}, where

the index t uniquely defines the time period and indices i, j, . . . , l typically define the units

of observations, measured over time. Without further knowledge of how the explanatory

variables are related to the dependent variable, one may begin studying the relationship

between these variables using the following nonparametric panel data regression model1

Yij...lt = β(Xij...lt, Zij...lt) + πij...lt + vij...lt, (1.1)

where Yij...lt is the response variable corresponding to the (i, j, . . . , l)th observation within

the groups (i, j, . . . , l) at time t, Xij...lt and Zij...lt are d×1 and q×1 vectors of covariates, re-

spectively, β(·) is a smooth unknown function to be estimated, πij...lt captures the unobserved
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heterogeneity that enables controlling for all unobserved random and/or interactive effects

(i.e., individual and/or time-specific effects, interactive effects among individuals and/or

individuals and time, and so on), and vij...lt is the i.i.d. idiosyncratic disturbance term.

While there is relatively rich literature on multidimensional linear panel data models (see

Matyas (2017) and the references therein), little work has been done in estimating mul-

tidimensional nonparametric models given the difficulty of removing potential correlation

between unobserved heterogeneity and the covariates. For a three-dimensional setting, Gal-

vao and Montes-Rojas (2017) consider estimation of a multidimensional quantile regression

model, while Sun et al. (2017) develop an estimation procedure to estimate the smooth

function in a nonparametric specification. More recently, Henderson et al. (2021) provide

estimators for the corresponding gradients of the unknown conditional mean.

While it is well-known that nonparametric models are useful to guard against various

forms of model misspecification, they exhibit several weaknesses that can lead to misleading

inference in empirical studies. First, in many settings, nonparametric methods are unable

to incorporate prior information coming from economic theory or past experience so the

resulting estimators tend to have high variance. Second, they are subject to the so-called

‘curse of dimensionality’, which practically disables their use when the number of covariates

is high. Third, some identification problems emerge when differencing transformations are

used to remove fixed effects.

Varying-coefficient models have the potential to overcome these shortcomings. Assum-

ing that the regression coefficients vary depending on some exogenous continuous variables

proposed by economic theory, the model is of the form

Yij...lt = X>ij...ltβ(Zij...lt) + πij...lt + vij...lt, (1.2)

where we keep the same assumptions about the random variables explained above. These

models are increasingly popular because they encompass properties of other statistical mod-

els of interest such as fully nonparametric and parametric models. This fact is especially

appealing for empirical studies. Specifically, a special case of the above model is a standard

linear panel data regression model

Yij...lt = δ +X>ij...ltβ1 + Z>ij...ltβ2 + πij...lt + vij...lt, (1.3)

where δ is the intercept term and β1 and β2 are d×1 and q×1 vectors of unknown parameters

to estimate, respectively. However, despite its potential, we have not found any existing

literature working on multidimensional varying coefficient panel data models.

The question of whether to use a fully parametric, nonparametric or varying coefficient

specification emerges naturally. In this paper, we consider several functional form testing
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problems in a multidimensional varying coefficient panel data regression model. To motivate

the proposed tests, we first review the estimation procedure for fully parametric multidimen-

sional panel data models with fixed effects, and later provide a profile likelihood estimator

for the varying coefficient specification which controls for all levels of unobserved heterogene-

ity along with the necessary architecture to conduct valid inference in this model. Nearly

all of the current literature in semi/nonparametric estimation/inference focuses exclusively

on a single source of unobserved heterogeneity, namely fixed effects in the individual (i)

dimension. However, our approach generalizes this to any dimension of fixed effects, both

individually as well as interactive fixed effects.

In order to conduct inference for this type of model, we extend the result of Hall (1984)

to the multidimensional setting. This general CLT will not only be useful for our setting,

but in similar settings where there are multiple indexes on outcomes of interest. We apply

our CLT to three common tests of interest in a panel data setting. First, we offer a test

of correct parametric specification of the conditional mean. Second, we provide a test of

statistical significance for a set of the regressors. Finally, a Hausman-type test is provided

to address the typical trade-off between the choice of random versus fixed effects.

The rest of the paper is structured as follows. In Section 2, we introduce the multidimen-

sional panel data model and discuss estimation using a semiparametric smooth coefficient

structure. Section 3 presents our CLT for a general rth-order degenerate U-statistic while

Section 4 applies the new CLT to several prominent and useful hypotheses for empirical work

with multidimensional panels. Section 5 details the finite sample performance of both the

estimator and the testing architecture developed here. Finally, Section 6 offers concluding

remarks and directions for future research. All proofs can be found in the Appendix.

Before going further, we introduce notation frequently used in this paper: (i) C denotes a

generic positive constant that may take different values at different places; (ii) we denote N =

N1N2 · · ·Nl,
∑

ij···l =
∑N1

i=1

∑N2

j=1
· · ·
∑Nl

l=1
,
∑

(i′j′...l′t′)6=(ij...lt)
=
∑N1

i′ 6=i

∑N2

j 6=j′ · · ·
∑

l′ 6=lNl

∑T

t 6=t′ ;

(iii) for r = 1, . . . , l, we denote INr and IT as Nr×Nr and T×T identity matrices, respectively,

whereas ıd, ıNl , ıT are d× 1, Nl × 1, and T × 1 vectors of ones, respectively. Note that this

notation simplifies the discussion on the asymptotic properties of the estimators and test

statistics since it implicitly allows us to write N → ∞ when all Nr diverge to infinity, or

when some of these dimensions are fixed and the others grow to infinity.
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2. Empirical Examples

Many model structures are included as special cases of the specifications considered in this

paper. To develop a better understanding, we detail several empirical studies which embody

features of our general varying coefficient multidimensional panel data model.

2.1. Institutions and Economic Development. Gregg (2020) constructs factory-level

panel data for Russian factories from 1894–1908 to study whether or not factories owned

by corporations are more productive than unincorporated factories. As the decision to

incorporate is likely related to unobserved traits of the factory, the author uses fixed-effects

to control for factory, industry and time heterogeneity. This is accomplished via a three-

dimensional panel data model. The results from Table 5 of Gregg (2020) can be generalized

as

Yijt = β (Xijt, Zijt;φ) + µ1i + µ2j + µ3t + vijt, i = 1, . . . , N1, j = 1, . . . , N2, t = 1, . . . , T (2.1)

where Yijt is one of three productivity measures (log of revenue per worker, log of total

machine power or total factor productivity) for factory i in industry j in year t. β(·) is

assumed to be a known function of Xijt and Zijt which simply amounts to an intercept term

and a binary variable indicating whether or not the factory is owned by a corporation. The

coefficient vector for the two parameters is represented by φ. vijt is the usual idiosyncratic

error term. This model includes fixed effects for each dimension so πijt = µ1i + µ2j + µ2t,

where µ1i are factory effects, µ2j are industry effects, and µ3t are time effects.

2.2. Price Dispersion. Gerardi and Shapiro (2009) look at the airline industry to study the

effects of market structure on price dispersion. They find that price dispersion increases with

competition by considering two different multidimensional panel data models with similar

structures. Formally, Equations (1) and (2) in their paper can be loosely summarized by

Yijt = β (Xijt, Zijt;φ) + γij + µt + vijt, i = 1, . . . , N1, j = 1, . . . , N2, t = 1, . . . , T (2.2)

where Yijt is the Gini log-odds ratio (their measure of price dispersion) for carrier i, across

route j, in time period t. β(·) is assumed to be a known function of the vectors Xijt and Zijt,

which include variables such as market share and market density, φ is a finite dimensional

parameter vector, and vijt is the usual idiosyncratic error term. This model requires fixed

effects which are unique to the ij pairs so πijt = γij+µt, where γij are defined as carrier-route

fixed effects and µt are time effects.

2.3. Migration. Bryan and Morten (2019) study the impact of internal labor migration

(across provinces) in Indonesia. They find that reducing barriers to migration leads to

significant productivity boosts (with substantial heterogeneity). Their three-dimensional
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panel data models allow for several types of heterogeneity. For example, in their Table 2,

they give the estimates for a model of the form:

Yijt = β (Xijt, Zijt;φ) + γ1it + γ2jt + vijt, i = 1, . . . , N1, j = 1, . . . , N2, t = 1, . . . , T (2.3)

where Yijt is the log of the average wage within the origin (i) destination (j) pair, in year

t. β(·) is assumed to be a known function of the vectors Xijt and Zijt which consists of the

proportion of people from each origin that move to each destination in a given year as well

as the distance between provinces. φ is the finite dimensional parameter vector and vijt is

the idiosyncratic error term. πijt = γ1it +γ2jt, where γ1it are origin-time fixed effects, and γ2jt

represent destination-time fixed effects.

2.4. International Trade. Baier and Bergstrand (2007) argue that free trade agreements

are endogenous when trying to predict trade flows between nations, but that they can be

addressed properly via multidimensional panel data models which include the appropriate

set of fixed effects. They estimate many specifications, but we focus on their Equation (11)

which consists completely of fixed effects of multiple indexes

Yijt = β (Xijt, Zijt;φ) + γ1ij + γ2it + γ3jt + vijt, i = 1, . . . , N1, j = 1, . . . , N2, t = 1, . . . , T (2.4)

where Yijt is the value of trade flow from (exporter) country i to (importer) country j in time

period t. β(·) is the gravity function dependent upon the vectors Xijt and Zijt which include

GDP of the exporting and importing nations along with distance measures, φ is the finite

dimensional parameter vector, and vijt is the idiosyncratic error term. πijt = γ1ij + γ2it + γ3jt,

where γ1ij are bilateral fixed effects and γ2it and γ3jt are exporter-time and importer-time

fixed effects, respectively.

2.5. Hedonic Price Models. While many empirical multidimensional panel datasets are

three-dimensional, more advanced data collection and monitoring can bring about higher-

order features. For example, Baltagi and Etienne (2015) use a five-dimensional panel data

set to study hedonic price functions. Their research looks at apartment (flat) sales in Paris,

France where the city is divided into twenty arrondissements, which are each broken into

four quarters (quartiers), and each quarter contains multiple blocks (̂ılots). More formally,

their model (Equation (4) in their paper) can be written as

Yijmlt = β (Xijmlt, Zijmlt;φ) + γjt + λ1jmt + λ2jmlt + vijmlt, (2.5)

i = 1, 2, . . . , N1; j = 1, 2, . . . , N2;m = 1, 2, . . . , N3; l = 1, 2, . . . , N4; t = 1, 2, . . . , T

where Yijmlt is the log selling price of apartment i, in arrondissesment j, in quarter m,

on block l at time period t. β(·) is the hedonic price function which is dependent upon
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the vectors Xijmlt and Zijmlt which include attributes unique to a given flat such as the

surface area of the apartment or the number of bedrooms; φ, again, is the finite dimensional

parameter vector, and vijmlt is the usual idiosyncratic disturbance term.

As there is a natural ordering of the panel dimension (apartment i is on block l which is in

quarter m which is in arrondissesment j), the fixed effects must take that information into

account so πijmlt = γjt +λ1jmt +λ2jmlt, where γjt is the arrondissement-time fixed effect, λ1jmt

is the quarter-time fixed effect, which is naturally nested in the respective arrondissement,

and λ2jmlt is the block-time fixed effect, again naturally nested in the respective quarter.

3. Estimation Method

We begin this section by outlining how to estimate a general-order parametric model

and highlight how to construct the matrices for various composite fixed effects parameters

(including the ones in the previous section). We then propose a profile estimator for our

multidimensional varying coefficient fixed effect estimator and develop its asymptotic prop-

erties.

3.1. Fully parametric panel data model. In this subsection, we first review the es-

timation procedure for a general multidimensional linear regression model (1.3) when the

unobserved heterogeneity πij...lt is allowed to contain additive and/or interactive fixed effects.

This result will be helpful in motivating our semiparametric estimator for β(·) in the varying

coefficient specification (1.2) and for constructing our test statistics.

Model (1.3) can be written in matrix notation as

Y = ınTδ +Xβ +D0π + V, (3.1)

where Y ≡ (Y11...11, . . . , YN1N2...NlT
)> and V ≡ (V11...11, . . . , VN1N2...NlT

)> are NT×1 vectors of the

dependent variable and disturbance terms, respectively, X is a NT × d matrix of covariates,

and β is the d×1 vector of slope parameters. π is the composite fixed effects parameters and

D0 the corresponding matrix of dummy variables that would have a different specification

depending on the model to be considered.2

2The specific form of D0 for the models (2.1)–(2.5) is summarized in the following table.

Model D(
2.1) ((IN1 ⊗ ıN2 ⊗ ıT ), (ıN1 ⊗ IN2 ⊗ ıT ), (ıN1 ⊗ ıN2 ⊗ IT )

)
(2.2)

(
(ıN1

⊗ ıN2
⊗ IT ), (IN1

⊗ IN2
⊗ ıT )

)
(2.3)

(
(IN1

⊗ ıN2
⊗ IT ), (ıN1

⊗ IN2
⊗ IT )

)
(2.4)

(
(IN1 ⊗ IN2 ⊗ ıT ), (IN1 ⊗ ıN2 ⊗ IT ), (ıN1 ⊗ IN2 ⊗ IT )

)
(2.5)

(
(ıN1

⊗ IN2
⊗ ıN3

ıN4
⊗ IT ), (ıN1

⊗ IN2
⊗ IN3

ıN4
⊗ IT ), (ıN1

⊗ IN2
⊗ IN3

⊗ IN4
⊗ IT )

)
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As it is noted in Balazsi et al. (2015), when the unobserved heterogeneity is correlated

with the regressors, the ordinary least-squares estimator is biased and inconsistent. To

avoid this deficiency, an alternative approach is to seek an appropriate transformation to

control for the unobserved effects. Different from two dimensional panel data models, in

multidimensional settings, one must carefully obtain the optimal projection matrix, MD0
,

such that MD0
D0π = 0.

For the regression model (2.1), there are several combinations that enable us to eliminate

the fixed effects, but only the optimal transformation leads to the most efficient estimator.

Aiming to obtain a general optimal projection matrix, Wansbeek (1991) shows that the

column space D0 does not change by replacing INr (or similarly IT ) with any (GNl
, ıNl)

orthonormal matrix of order Nr × (Nr − 1), where GNr satisfies the following conditions

G>Nr ıNr = 0, and G>NrGNr = INr−1, with ıNr = ıNr/
√
Nr.

As the matrix D0 spans the same vector space as the orthonormal matrix, the optimal

projection matrix of size (NT ×NT ) to eliminate D0 is simply MD0
= In− D̃0D̃

>
0 (see Balazsi

et al. (2015) for more detail), where the specific form of D̃0 will differ depending on the

unobserved effects of the model to be considered.

In Table 1, we collect different combinations of the building blocks for the three-dimensional

panel data models in (2.1)–(2.4),3 where we define JNr = ıNr ı
>
Nr
/Nr, JT = ıT ı

>
T /T , QNr =

INr −JNr , and QT = IT −JT . Each column of this table corresponds to one particular model

and the signs indicate the way each of the building blocks has to be used to construct the

appropriate D̃0D̃
>
0 .

The removal of the unknown fixed effects is accomplished by pre-multiplying both sides

of (3.1) by the corresponding projection matrix MD0
. This yields

MD0
Y = MD0

Xβ +MD0
V (3.2)

as MD0
ıNT = 0 and MD0

D0 = 0. Applying OLS to model (3.2) gives the Least Squares

Dummy Variable (LSDV) estimators for β and δ,

β̂ = (X>MD0
X)−1X>MD0

Y, (3.3)

δ̂ = Y −Xβ̂, (3.4)

3The corresponding building blocks for the five dimensional panel model in (2.5) are

D̃0D̃
>
0 = JN1

⊗QN2
⊗ JN3

⊗ JN4
⊗QT + JN1

⊗QN2
⊗QN3

⊗ JN4
⊗QT

+JN1
⊗QN2

⊗QN3
⊗QN4

⊗QT + JN1
⊗ JN2

⊗ JN3
⊗ JN4

⊗ JT .
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Table 1. Building blocks in projection matrices for three-dimensional panel
data models.

(INT −MD0
) = D̃0D̃

>
0

Model (2.1) (2.2) (2.3) (2.4)

QN1
⊗QN2

⊗QT

QN1
⊗QN2

⊗ JT + +

QN1
⊗ JN2

⊗QT +

JN1
⊗QN2

⊗QT +

QN1
⊗ JN2

⊗ JT + + +

JN1
⊗QN2

⊗ JT + + +

JN1
⊗ JN2

⊗QT + + +

JN1
⊗ JN2

⊗ JT + + +

QN1
⊗ JN2

⊗ IT +

JN1
⊗QN2

⊗ IT +

JN1
⊗ JN2

⊗ IT +

where Y = (NT )−1ı>NTY and X = (NT )−1ı>NTX. Note that these LSDV estimators are actually

numerically the same as the traditional fixed effects estimators for β and δ since the projection

matrix proposed here leads to within-group transformations.4

We mention here that this estimation procedure is also valid for the case of incomplete

data. However, it is necessary to be careful given that D0 cannot be represented compactly

with Kronecker products, so MD0
cannot be analytically defined element-wise in general. To

overcome this, it is possible to use iterative solutions to find the least-squares estimators as

Guimaraes and Portugal (2010) and Carneiro et al. (2012) propose.

3.2. Varying-coefficient panel data model. There is a relatively large literature in semi-

and nonparametric panel data models (see Henderson and Parmeter (2015), Parmeter and

Racine (2019), and/or Rodriguez-Poo and Soberon (2017) and the references within, among

others). However, nearly all of the previous work focuses on models with solely individual

effects and the proposed techniques are not straightforwardly extended to multidimensional

4For model (2.1) it leads to the following within transformation

ỹijt = yijt −
1

N2

N2∑
j=1

yijt −
1

N1T

N1∑
i=1

T∑
t=1

yijt −
1

N1N2

N1∑
i=1

N2∑
j=1

yijt +
3

nT

N1∑
i=1

N2∑
j=1

T∑
t=1

yijt.
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nonparametric panel data models. To the best of our knowledge, Henderson et al. (2021) are

the first to consider nonparametric estimation of multidimensional models with fixed effects.

However, their focus is on the gradient of the conditional mean (they propose to recover the

unknown functions under some normalization conditions). This limits application of their

method to those settings where the gradient of the conditional mean is of interest.

In order to develop a direct estimation procedure for the unknown function of a varying

coefficient model, as in Equation (1.2), we extend the profile least-squares procedure of Su

and Ullah (2006) and Gao and Kunpeng (2013) for a one-way error component model to

the multidimensional case. In this way, we estimate β(·) as a function of the unknown fixed

effects parameters. However, as Su and Ullah (2006), Gao and Kunpeng (2013), and Sun et

al. (2009) note, we cannot directly estimate Equation (1.2) due to the existence of the fixed

effects parameters. To overcome this, we impose ı>π = 0 in the model.

Rewriting model (1.2) in matrix form, we have the following regression model:

Y = B{X, β(Z)}+Dπ + V, (3.5)

where B{X, β(Z)} stacks all X>ij...ltβ(Zij...lt) into a NT × 1 vector with the (i, j, . . . , l, t)

subscript matching that of the (NT × 1) vector of Y , and D is a NT × NT dummy matrix

that satisfies the identification condition.5

Then, for any given value of π, we estimate the unknown function β(z), where z is an

interior point in the support of Z, by minimizing

min
β∈IRd

[Y −Xβ(z)−Dπ]>KHz(z)[Y −Xβ(z)−Dπ], (3.6)

where KHz(z) = diag{KHz(Z11...11, z), . . . , KHz(ZN1N2...NlT
, z)} is a NT ×NT diagonal matrix,

with Hz a q × q symmetric positive definite bandwidth matrix and K(·) the product of

q-univariate kernels, k(·): KHz(Zij...lt, z) =
∏q

`=1
|Hz|−1k(H−1

z (Zij...lt,` − z`)).
Taking the first-order condition of the objective function with respect to β(z) gives

X>KHz(z)[Y −Xβ̌(z)−Dπ] = 0.

5The structure of the matrix D depends on the form of the unobserved effects in the regression model. For
example, for model (2.1) this is

D = [([−ı(N1−1)IN1−1]> ⊗ ıN2
⊗ . . .⊗ ıNl ⊗ ıT ), (ıN1

⊗ [−ı(N2−1)IN2−1]> ⊗ . . .⊗ ıNl ⊗ ıT ), . . . ,

(ıN1 ⊗ ı>N2
⊗ . . .⊗ [−ı(Nl−1)INl−1]⊗ ıT ), . . . , (ıN1 ⊗ ı>N2

⊗ . . .⊗ ıNl ⊗ [−ı(T−1)IT−1]),

([−ı(N1−1)IN1−1]> ⊗ [−ı(N2−1)IN2−1]> ⊗ . . .⊗ ıNl ⊗ ıT ), . . . ,

(ıN1
⊗ ı>N2

⊗ . . .⊗ [−ı(Nl−1)INl−1]> ⊗ [−ı(T−1)IT−1]>)].
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Rearranging terms in the above equation and solving for β̌(z) yields

β̌(z;Hz) = (X>KHz(z)X)−1X>KHz(z)(Y −Dπ). (3.7)

Unfortunately this estimator is infeasible given that π is unobservable. We propose to

estimate the fixed effects vector, π, by substituting the estimated nonparametric function

from Equation (3.7) into the objective function

(Y −Dπ)>P (Y −Dπ), (3.8)

where P = (INT−S)>(INT−S) is a NT×NT matrix with S =
[
{sH(z11...11)}>, . . . , {sH(zN1N2...NlT

)}>
]>

being an NT × nt matrix whose (ij . . . lt)-th argument is a 1× NT vector of the form

sHz(zij...lt) = X>ij...lt(X
>KHz(zij...lt)X)−1X>KHz(zij...lt).

Let (D>PD) be a nonsingular matrix. From Equation (3.8) we can conclude that the

feasible estimator for π is

π̂ = (D>PD)−1D>PY. (3.9)

Replacing π in (3.7) with (3.9) and assuming that X>KHz(z)X is nonsingular, the feasible

local-constant least-squares estimator for β(·) is

β̂(z;Hz) = gHz(z)>MY ≡ (X>KHz(z)X)−1X>KHz(z)MY, (3.10)

where M = INT −D(D>PD)−1D>P and gHz(z)> = (X>KHz(z)X)−1X>KHz(z).

3.3. Asymptotic properties. Let Sz ⊂ IRq and Sx ⊂ IRd be the support of Zij...lt and

Xijt...lt, respectively. In order to establish the asymptotic properties of β̂(z), the following

assumptions are necessary.

Assumption 3.1. The continuous random variables (Xij...lt, Zij...lt) are independently and

identically distributed (i.i.d.) across the (i, j, . . . , l) index for each fixed t, and strictly sta-

tionary over t for each fixed (i, j, . . . , l).

Assumption 3.2. The unobserved fixed effects πij...lt are i.i.d. random variables self-uncorrelated

with zero mean and finite variances. All the unobserved fixed effects can be correlated with

the covariates.

Assumption 3.3. The idiosyncratic errors vij...lt are i.i.d. across (i, j . . . , l) for fixed t,

and strictly stationary over t for each fixed (i, j, . . . , l), with zero mean and homoscedastic

variance, σ2
v. They are also independent of Xij...lt and Zij...lt. πij...lt and vij...lt are mutually

uncorrelated for all (i, j, . . . , l), and t.
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Assumption 3.4. Let fZij...lt(·) denote the density function of Zij...lt and fZij...lt,Zij...lt′ (·, ·) the

joint density function of (Zij...lt, Zij...lt′) for t 6= t′. Then, 0 < fZij...lt(·) < ∞ at any interior

point z ∈ Sz. All density functions and unknown functions are uniformly bounded in the

domain of Z and are all twice continuously differentiable in the neighborhood of z ∈ Sz.

Assumption 3.5. Let ‖A‖ =
√
tr(A>A), then E[‖Xij...ltX

>
ij...lt‖2|Zij...lt = z] is bounded

and uniformly continuous in its support. The matrix function E[Xij...ltX
>
ij...lt|Zij...lt = z] is

positive definite, bounded and uniformly continuous at any interior point of z in the support

of fZij...lt(·).

Assumption 3.6. K(v) =
∏q

`=1
k(v`) is a product kernel, and the univariate kernel function

k(·) is a uniformly bounded, symmetric (around zero) probability density function with com-

pact support [−1, 1].
∫
k(v)dv = 1,

∫
vv>k(v)dv = µ2(K)Iq, and

∫
k2(v)dv = R(K), where

µ2(K) 6= 0 and R(K) 6= 0 are scalars and Iq is a q × q identity matrix.

Assumption 3.7. Define |Hz| = hz1 · · ·hzq and ‖Hz‖ =
√∑q

`=1
h2
z`

. As any element in N
tends to infinity, ‖Hz‖ → 0 and Nmax|Hz| → ∞.

Assumption 3.8. For some ε > 0, E[|Xij...ltvij...lt|(2+ε)|Zij...lt = z] is bounded and uniformly

continuous on any point of its support.

The assumptions listed above are regularity assumptions commonly used in the nonpara-

metric estimation literature. Assumptions 3.1–3.3 are rather standard in the panel data

literature. Of course, the strict stationarity condition imposed in Assumption 3.1 can be

relaxed to allow other settings of time-dependence such as strong mixing conditions or non-

stationary time series and some kind of dependence between the subscripts (i, j, . . . , l) can

also be considered. Further, Assumption 3.3 can be relaxed to allow for heteroskedasticity.

However, in this paper we consider the limiting behavior of the proposed estimators when

any element in N tends to infinity and T is fixed, so the setup regulated by Assumptions

3.1–3.3 is sufficient. Assumptions 3.4–3.5 are smoothness and boundedness conditions on

the density function and moment functionals. For the sake of simplicity in the proofs, in

Assumption 3.6, it is assumed that the kernel function takes values over a closed interval.

However, that condition is not essential and can be relaxed to allow a general second-order

kernel function (such as a Gaussian kernel). Assumption 3.7 is quite standard in the non-

parametric literature, and Assumption 3.8 is required to show that the Lyapounov conditions

hold for the Central Limit Theorem (CLT).

Before presenting the limiting distribution of β̂(z), let us introduce the following nota-

tion. Denote Dβκ(·) the first-order derivative vector of the κth component of β(·), Hβκ(z)



12

the Hessian matrix of the κth component of β(·), and Df(z) the first-order derivative vec-

tor of the density function, for κ = 1, . . . , d. Then, diagd (tr{H>z HzDf(z)Dβκ(z)}) and

diagd(tr{H>z HzHβκ(z)}) stand for a diagonal matrix of elements tr{H>z HzDf(z)Dβκ(z)} and

tr{H>z HzHβκ(z)}, respectively.

Theorem 3.1. Suppose that Assumptions 3.1–3.8 hold. As Nmax → ∞ and T is fixed,√
Nmax|Hz|‖Hz‖2 = O(1) and we have√

Nmax|Hz|
(
β̂(z;Hz)− β(z)−BHz(z)

)
d−−→ N

(
0,
σ2
vR

q(K)

T
B−1

XX(z)

)
,

where

BH(z) = µq2(K)diagd (tr{H>z HzDf(z)Dβκ(z)}) ıdfZ11t
(z)−1 +

µ
q
2(K)

2
diagd (tr{H>z HzHβκ(z)}) ıd,

with BXX(z) = E[X11...11X
>
11...11|Z11...11 = z]fZ11...11

(z).

The result in Theorem 3.1 indicates that the estimator is consistent with the common

nonparametric rate of convergence. As more curvature in β(·) exists, the bias is enlarged. The

variance will be penalized when either Hz is large or the data near z are sparse. In contrast

to what Lin et al. (2014) obtain in a two-dimensional panel data model, the estimation

procedure proposed in this paper ensures that the fixed effects are completely removed even

in small sample applications. In addition, we do not have to pay attention to how many

indices grow. For the pooled least-squares estimator Sun et al. (2017) propose (for a fully

nonparametric panel data model with random effects), this is a critical issue in order to

avoid an inconsistent estimator with a slow rate of convergence. Our result in Theorem 3.1

is valid independent of how many indices are large.

4. A General CLT for U-Statistics

In this section, we propose a general CLT for degenerate U-statistics that will be useful

for the construction and analysis of a variety of specification tests in multidimensional panel

and longitudinal data models. This new CLT is necessary given the potential growth of

various indices to ∞ relative to the standard setting of a single index growing to ∞.

Let UNr be an rth-sample U-statistic of the form

UNr =
R∏
r=1

(
Nr

2

)−1 N1∑
i=1

N1∑
i′ 6=i

N2∑
j=1

N2∑
j′ 6=j

. . .

Nl∑
l=1

Nl∑
l′ 6=l

HN(χij...lχi′j′...l′) (4.1)

where R is the total number of individual subscripts, χij...l is an i.i.d. random sample in

i, j, . . . , l and HN(·, ·) is a symmetric function in its arguments, i.e., HN(χij...l, χi′j′...l′) =

HN(χi′j′...l′ , χij...l). If HN(χij...l, χi′j′...l′) has zero mean and E[H2
N(χij...l, χi′j′...l′)] < ∞, then, if
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a single element in N tends to infinity, we can resort to Hall (1984)’s CLT for degenerate U-

statistics in order to show that, after proper normalization, Unr tends to a Standard Normal

distribution. However, if more than one element in N tends to infinity, a more general CLT

is necessary.

In order to handle this situation, we provide a generalization of Theorem 1 in Hall (1984)

to the multidimensional setting. The following theorem describes the asymptotic distribution

of an rth-sample degenerate U-statistic.

Theorem 4.1. Assume E[HN(χ11...11, χ22...22)] = 0 almost surely and E[H2
N(χ11...11, χ22...22)] <

∞ for each N1, N2, . . . , Nl. If

E[G2
N(χ11...11, χ22...22)] + N−1

maxE[H4
N(χ11...11, χ22...22)]

{E[H2
N(χ11...11, χ22...22)]}2

→ 0,

as Nmax →∞, where G2
N(χ11...11, χ22...22) = E[HN(χ33...33, χ22...22)|χ11...11, χ22...22]. Then,

UNr
d−−→ N

(
0,

N2

2r
E[H2

N(χ11...11, χ22...22)]

)
.

The proof of this theorem is in the Appendix. If r = 1, we obtain an identical result to

Hall (1984). However, for r > 1 (multidimensional panel data models of any dimension of

the fixed effects), we have a more general limiting result. While it has been assumed that the

r-samples are independent, it would be possible to allow some forms of dependence between

some of the samples. However, this beyond the scope of this paper.

5. Applications of the General CLT

We consider several types of specification tests for multidimensional nonparametric panel

data models. The first test focuses on functional form assumptions of the regression model.

The second test conducts inference based on statistical significance for a set of covariates.

The third test is a Hausman test: testing the random effects specification against a fixed

effects specification. Similar tests exist (see Li et al. (2002), Henderson et al. (2008), Sun

et al. (2009), and Lin et al. (2014), among others). However, existing tests are constructed

explicitly in the context of a two-dimensional panel data problem (i and t). To the best of

our knowledge, these hypotheses in multidimensional panels do not exist.

5.1. Test of Correct Parametric Specification. We consider two different tests for test-

ing the functional form assumptions of a regression. The first will enable us to test the null

hypothesis of a multidimensional linear panel data model against a nonparametric alterna-

tive (Ha
0 ). The second compares the parametric specification against a varying coefficient

alternative (Hb
0).
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5.1.1. Nonparametric Alternative. The first testing problem statistically assess if the fully

parametric model specified in Equation (1.3) is correct against an unspecified alternative

model. The null and alternative hypotheses are:

Ha
0 : Pr{β(Xij...lt, Zij...lt) = δ0 + (Xij...lt, Zij...lt)

>β0} = 1 for some (δ0, β0)
> ∈ Θ ⊂ IR1+d+q,

Ha
1 : Pr{β(Xij...lt, Zij...lt) = δ + (Xij...lt, Zij...lt)

>β} < 1 for any (δ, β)> ∈ Θ,
(5.1)

where Θ is a compact and convex subset on IR1+d+q.

In principle, we can construct a consistent test statistic for Ha
0 based on the weighted

integrated squared distance between the parametric and nonparametric fits of the data,

where the weight function is used to avoid the random denominator problem (e.g., see Li

et al. (2002)). However, the resulting test has several bias terms which both complicates

its asymptotic analysis and impacts the performance in finite samples. To overcome these

hurdles, we follow Lin et al. (2014) and smooth the parametric fit instead of using the direct

LSDV estimators of (δ0, β0). Thus, our test statistic is based on the weighted integrated

squared distance between β(x, z) and βp(x, z) (i.e.,
∫

[Sa,N(β(x, z) − βp(x, z))]2dxdz), where

β(·) is the smooth function of a fully nonparametric model, βp(·) is the corresponding smooth

function for a parametric fit, and Sa,N is the inverse matrix of the nonparametric estimator.

Since the nonparametric estimator of β(x, z) is of the form β̂(x, z) = S−1
a,Nı

>
NTKH(x, z)MY ,

where Sa,N = ı>NTKH(x, z)ıNT and H = (Hx, Hz), we define a kernel smoothed least-squares

estimator of {δ + (X,Z)β} given by β̂p(x, z) = S−1
a,Nı

>
NTKH(x, z)(δ̂ıNT + (X,Z)>β̂), where β̂

and δ̂ are the LSDV estimators proposed in Equations (3.3) and (3.4). It can be shown that

β̂(x, z) − β̂p(x, z) = S−1
a,Nı

>
NTKH(x, z)MV̂a, where V̂ = Y − δ̂ıNT − (X,Z)β̂ are the estimated

parametric residuals. This allows us to obtain the test statistic

IaN = V̂ >M>

[∫
KH(x, z)ıNT ı

>
NTKH(x, z)dxdz

]
MV̂ ,

where the matrix M is used to remove (asymptotically) the fixed effects term in Equation

(3.1) and KH(x, z) is the product of two kernel functions defined as in Equation (3.6).

The typical element of
∫
KH(x, z)ıNT ı

>
NTKH(x, z)dxdz can be written as twofold convo-

lution kernels (i.e., KHx(Xij...t, Xi′j′...t′)KHz(Zij...t, Zi′j′...t′) =
∫
K(H−1

x (Xij...lt − Xi′j′...l′t′) +

ω1)K(ω1)K(H−1
z (Zij...lt−Zi′j′...l′t′)+ω2)K(ω2)dω1dω2) which preserve the local weighting prop-

erty of the test statistic. Following Li et al. (2002) and Lin et al. (2014), we simplify the

test replacing KHx(Xij...lt, Xi′j′...l′t′) and KHz(Zij...lt, Zi′j′...l′t′) with KHx(Xij...lt, Xi′j′...l′t′) and
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KHz(Zij...lt, Zi′j′...l′t′), respectively. The resulting test statistic is

ÎaN =
1

N2T 2

∑
ij...lt

∑
i′j′...l′t′

̂̃vij...lt̂̃vi′j′...l′t′KHx(Xij...lt, Xi′j′...l′t′)KHz(Zij...lt, Zi′j′...l′t′), (5.2)

where ̂̃vij...lt = Ỹij...lt − X̃>ij...ltβ̂1 − Z̃>ij...ltβ̂2 are the transformed residuals obtained using the

optimal projection matrix MD0
, with (Ỹij...lt, X̃ij...lt, Z̃ij...lt) the corresponding within trans-

formed variables and (β̂1, β̂2) the resulting LSDV estimates, while Hx and Hz are symmetric

positive bandwidth matrices.

To overcome the problem of asymptotically non-negligible center terms common in this

type of double summation test, we use a leave-one-out estimator, which is equivalent to

replacing diagonal elements of the kernel matrix with zeros. Our modified test statistic is

ÎaN =
R∏
r=1

1

NT (Nr − 1)(T − 1)

∑
ij...lt

∑
(i′j′...l′t′)6=(ij...lt)

̂̃vij...lt̂̃vi′j′...l′t′KHx(Xij...lt, Xi′j′...l′t′)

×KHz(Zij...lt, Zi′j′...l′t′). (5.3)

Letting fXij...lt,Zij...lt(·, ·) denote the joint p.d.f. of (Xij...lt, Zij...lt), our test statistic is a leave-

one-out version of the kernel estimator of E[ṽa,ij...ltE(ṽa,ij...lt|Xij...lt, Zij...lt)f(Xij...lt, Zij...lt)].

In order to derive the asymptotic properties of ÎaN , we can employ our CLT for degener-

ate U-statistics since ÎaN can be rewritten as in Equation (4.1), where HN(χij...l, χi′j′...l′) =∑T

t=1

∑T

t′ 6=t
̂̃va,ij...lt̂̃va,i′j′...l′t′KHx(Xij...lt, Xi′j′...l′t′)KHz(Zij...lt, Zi′j′...l′t′). To do so, the following

assumptions are required.

Assumption 5.1. There is an ι > 2 such that E‖Xij...lt‖(1+ι) ≤M <∞ and E‖Zij...lt‖(1+ι) ≤
M <∞. For all (i, j, . . . , l) and t 6= s, E(β(Xij...lt, Zij...lt)

(1+ι)|Xij...ls, Zij...ls), E(X (1+ι)

ij...lt |Xij...ls, Zij...ls),

and E(Z(1+ι)

ij...lt |Xij...ls, Zij...ls) are all uniformly bounded.

Assumption 5.2. Let X̃ij...lt be the within transformed variable for all (i, j, . . . , l), and t.

(NT )−1X>MD0
X

p−→ E(X̃>ij...lX̃ij...l) is a finite positive definite matrix.

Assumption 5.3. At any interior point (x, z) ∈ S, 0 < fXij...lt,Zij...lt(·, ·) < ∞ and it is

uniformly bounded in the domain of (X,Z).

The asymptotic behavior of our proposed test statistic under both Ha
0 and Ha

1 is given in

the following theorem.

Theorem 5.1. Assuming E(v4
ij...lt) = τ4 < ∞ and suppose that Assumptions 3.1–3.5, 3.6–

3.7, and 5.1–5.3 hold, as Nmax →∞ for T fixed, we have
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a) Under Ha
0 ,

JaN = N|Hx|1/2|Hz|1/2
Îan√
Σ̂a

d−−→ N (0, 1),

where

Σ̂a =
R∏
r=1

(
Nr

2

)−1
1

T 2|Hx||Hz|
∑
ij...lt

∑
(i′j′...l′t′)6=(ij...lt)

̂̃v2

ij...lt
̂̃v2

i′j′...l′t′K
2(Xij...lt, Xi′j′...l′t)

×K2(Zij...lt, Zi′j′...l′t′)

is a consistent estimator of the asymptotic variance of N|Hx|1/2|Hz|1/2ÎaN for

Σa =
2(R+1)(T − 1)σ4

vR
(q+d)(K)

T 3
E[f(X11...1t, Z11...1t)].

b) Under Ha
1 , Pr(JaN ≥ Ca) → 1 as Nmax → ∞ for T fixed, where Ca is any positive

constant.

The proof of Theorem 5.1 is presented in the Appendix. Theorem 5.1 does not require T

to be large. If T is large, the proposed test statistic works under some mild conditions and

only minor modifications are needed. The limiting distribution of this test statistic is valid

under two scenarios. If one element in N tends to infinity, we use Hall (1984)’s CLT in order

to prove that U a
N1

tends to a Standard Normal distribution. If more than one element in N
tends to infinity, we resort to the results in Theorem 4.1. Part (b) of Theorem 5.1 shows

that, when the Ha
0 is false, the probability that the JaN test rejects the Ha

0 approaches one as

Nmax →∞, so we conclude that JaN is a consistent test.

5.1.2. Varying Coefficient Alternative. The varying coefficient model nests the parametric

model. If the parametric model is correctly specified, it is more efficient. If it is not, we

typically will obtained biased and inconsistent results. Here we test whether the parametric

model is an adequate description of the data against the varying coefficient specification.

Let X0,ij...lt = [1, Xij...lt]
> and β0(Zij...lt) = [δ + Z>ij...ltβ2, β

>
1 ]> be (1 + d) × 1 vectors. The

fully parametric model in Equation (1.3) can be written more compactly as

Yij...lt = X>0,ij...ltβ0(Zij...lt) + πij...lt + vij...lt.

With this model in mind, we consider the following null and alternative hypotheses:

Hb
0 : β(z)− β0(z) = 0 almost everywhere,

Hb
1 : β(z)− β0(z) 6= 0 on a set with positive measure.

(5.4)
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Similar to before, we use a weighted integrated squared difference as the basis of our test

statistic (i.e., Ib =
∫

[Sb,N(β(z)− β0(z))dz, where Sb,N = X>WHz(z)X) given that, under Hb
0 ,

it can be proved that Ib = 0 and, under Hb
1 , I

b > 0. In order to obtain a feasible statistic,

we replace β(z) with the local-constant least-squares estimator obtained in Equation (3.10)

and replace β0(z) with the kernel smoothed least-squares estimator of X0β0(Z) of the form

β̂p(z) = S−1
b,NX

>KHz(z)MX0β̂0(Z), where β̂0(Z) = ıNT δ̂ + Xβ̂1 + Zβ̂2. The resulting test

statistic is

IbN =
1

N2T 2

∫
V̂ >KHz(z)XX>KHz(z)V̂ dz,

given that Sb,N(z)[β̂(z)− β̂b,p(z)] = X>KHz(z)V̂ , where V̂ are the corresponding parametric

residuals.

The integration calculation can be simplified (due to the kernel weight functionKHz(Zij...lt−
z)KHz(Zi′j′...l′t′ − z)) by replacing β̂(z) with β̂(Zij...lt) given that only those z close to both

Zij...lt and Zi′j′...l′t′ are important. Taking this feature into account and leaving out the di-

agonal elements in the kernel matrix to remove the nonzero center terms from IbN under Hb
0 ,

the resulting test statistic becomes

ÎbN =
1

N2T 2

∑
ij...lt

∑
(i′j′...l′t′)6=(ij...lt)

̂̃v>ij...ltX>ij...ltXi′j′...l′t′
̂̃vi′j′...l′t′KHz(Zij...lt, Zi′j′...l′t′). (5.5)

where ̂̃vij...lt are the corresponding within transformed parametric residuals defined in Equa-

tion (5.2). Our test statistic can be interpreted as a leave-one-out version of the kernel

estimator of E[ṽij...ltX
>
ij...ltE(Xij...ltṽij...lt|Zij...lt)f(Zij...lt)] and it can be also rewritten as a ‘sec-

ond order’ U-statistic as in Equation (3.1) in order to obtain the limiting behavior of ÎbN
under Hb

0 and Hb
1 .

Theorem 5.2. Assuming E(u4
ij...lt) = τ4 < ∞ and suppose that Assumptions 3.1–3.5, 3.6–

3.7, and 5.1–5.2 hold. As Nmax →∞ for T fixed,

a) Under Hb
0,

J bN = N|Hz|1/2
ÎbN√
Σ̂b

d−−→ N (0, 1),

where

Σ̂b =
R∏
r=1

(
Nr

2

)−1(
T

2

)−1

|Hz|−1
∑
ij...lt

∑
(i′j′...l′t′)6=(ij...lt)

̂̃v2

ij...lt
̂̃v2

i′j′...l′t′X
>
ij...ltXij...lt

×X>i′j′...l′t′Xi′j′...l′t′K
2(Zij...lt, Zi′j′...l′t′)
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is a consistent estimator of the asymptotic variance of N|Hz|1/2ÎbN,

Σb =
2(R+1)(T − 1)σ4

vR
q(K)

T 3
E[E[tr{Xij...ltX

>
i′j′...l′t′}2|Zij...lt]f(Zij...lt)].

b) Under Hb
1, Pr(J bN ≥ Cb) → 1 as Nmax → ∞ for T fixed, where Cb is any positive

constant.

The proof of this theorem is in the Appendix. In Theorems 5.1 and 5.2, IaN and IbN have

asymptotic standard Normal distributions under Ha
0 and Hb

0 , respectively. However, it is

well-known that kernel-based nonparametric tests do not work well for small or moderate

samples (see Härdle and Mammen (1993), Li and Wang (1998), and Whang and Andrews

(1993), among others). We suggest using a bootstrap procedure to better approximate the

finite sample null distribution of these test statistics.

Following Henderson et al. (2008), Kapetanios (2008) and Gonçalves (2011), we propose a

bootstrap procedure which consists of resampling with replacement the cross-sectional units

as a whole rather than resampling within the units across time. Kapetanios (2008) shows

that this resampling scheme enables superior approximation to distributions of statistics

over the latter for panel data sets with large cross-sectional units and fixed or few time

periods. To describe our bootstrap routine, let ̂̃vij...l be a T × 1 vector where ̂̃vij...lt =

Ỹij...lt− X̃>ij...ltβ̂1− Z̃>ij...ltβ̂2 are the within transformed residuals from a parametric regression.

Using the two point wild bootstrap, our procedure is as follows:

(1) Set ṽ∗ij...l =
(

1−
√
5

2

) ̂̃vij...l with probability ρ and ṽ∗ij...l =
(

1+
√
5

2

) ̂̃vij...l with probability

(1 − ρ), where ρ = (1 +
√

5)/2
√

5. Resample the entire set of temporal vector

residuals for a particular cross-sectional unit (t = 1, . . . , T ), where ṽ∗ij...l is obtained

from a random draw from {̂̃vij...l}N1,N2,...,Nl
i,j,...,l with replacement.

(2) Calculate the bootstrap dependent variables as Ỹ ∗ij...lt = X̃>ij...ltβ̂1 + Z̃>ij...ltβ̂2 + ṽ∗ij...lt and

use the bootstrap sample, {X̃ij...lt, Z̃ij...lt, Ỹ
∗
ij...lt}, to calculate the parametric LSDV

estimators for β1 and β2, where (β̂∗1 , β̂
∗
2) are the LSDV estimators with Ỹ ∗ij...lt instead

of Ỹij...lt. Calculate the bootstrap residuals as ̂̃v∗ij...lt = Ỹ ∗ij...lt − X̃>ij...ltβ̂∗1 − Z̃>ij...ltβ̂∗2 .

(3) Compute Ja∗N in the same way as JaN replacing ̂̃vij...lt with ̂̃v∗ij...lt.
(4) Repeat steps 1-4 a large number B of times and obtain the empirical distribution of

Ja∗N to approximate the null distribution of JaN .
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Let Ja∗N,α be the α-percentile of the bootstrap distribution from step 4. Reject the null

hypothesis at significance level α if JaN > Ja∗N,α. By the same reasoning as above, we can use

Σ̃∗a =
R∏
r=1

(
Nr

2

)−1(
T

2

)−1

|Hz|−1|Hx|−1
∑
ij...lt

∑
(i′j′...l′t′)6=(ij...lt)

̂̃v∗2ij...lt̂̃v∗2i′j′...l′t′K2(Xij...lt, Xi′j′...l′t′)

×K2(Zij...lt, Zi′j′...l′t′)

to replace Σ̂∗a in step 4 above.

Note that in order to show that the bootstrap method is an asymptotically valid procedure

to approximate the distribution of the test statistic under Ha
0 regardless if Ha

0 holds true or

not, the following assumption is required.

Assumption 5.4. E(πιij...lt|Zij...lt = z), for ι = 1, . . . , 4, are continuous differentiable and

uniformly bounded over z ∈ S.

With the addition of this assumption, we are able to give the following result:

Theorem 5.3. Under Assumptions 3.1–3.5, 3.6–3.7, and 5.4, as Nmax →∞ for T fixed,

sup
z∈IR
|Pr∗(Ja∗N ≤ z)− Φ(z)| = op(1),

where Pr∗(·) = Pr(·|{(Xij...lt, Zij...lt, Yij...lt)}N1,N2,...,Nl
i,j,...,l ), and Φ(·) is the standard Normal cu-

mulative distribution function.

The proof of this theorem can be accomplished by extending the proof of Theorem 3.3 in

Lin et al. (2014) to the multidimensional case. For the sake of brevity, it has been omitted

from the paper. A similar procedure is proposed for J bN replacing steps 3 and 4 with the

corresponding J bN test statistic.

5.2. A Test of Statistical Significance. Removing irrelevant covariates can provide more

desirable statistical properties of the proposed estimator. In a nonparametric setting, this

is specially important as the curse of dimensionality is an overarching concern. With the

aim of testing irrelevant covariates, we could be tempted to use the test statistic proposed

in Equation (3.7). However, this test is not valid for all varying coefficient specifications

given that it is unclear what happens when all Z are irrelevant. To overcome this, we

propose an alternative test statistic which combines the conditional moment tests with the

nonparametric estimator.

Assume we observe data from (N1, N2, . . . , Nl) individuals and/or groups across T periods,

each with a single response variable, Y , and q-covariates, Z, that can be split up into Z1 and

Z2. Considering a varying coefficient panel data model as in Equation (1.2) and assume that
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Z1 is a q1×1 vector of relevant covariates, whereas Z2 is a q2×1 vector of potentially irrelevant

covariates. In order to assess variable significance, we are interested in checking whether

or not the residuals have a conditional mean equal to zero when the assumed irrelevant

regressors are not included in the model. The null and alternative hypotheses for variable

relevance are

Hc
0 : X>ij...ltβ(Z1ij...lt, Z2ij...lt) = X>ij...ltβ(Z1ij...lt)

Hc
1 : X>ij...ltβ(Z1ij...lt, Z2ij...lt) 6= X>ij...ltβ(Z1ij...lt),

(5.6)

where we emphasize that this test is more computationally intensive than that proposed for

correct parametric specification as it relies on nonparametric residuals, i.e., v̂(z). However,

it still possesses desirable properties of the previous tests.

We can construct a consistent test for Hc
0 based on the integrated squared difference of the

two nonparametric estimators (i.e., β(z1, z2) and β(z1)), which is asymptotically zero under

Hc
0 and positive under Hc

1 . To remove the random denominator of β̂(z1, z2), we pre-multiply

this test by X>KHz(z1, z2)X, where Hz contains the bandwidth matrices Hz1 and Hz2 defined

in Equation (3.6). The proposed test statistic will be based on

Ic =

∫
[β̂(z1, z2)− β̂(z1)]

>(X>KHz(z1, z2)X)>X>KHz(z1, z2)X[β̂(z1, z2)− β̂(z1)]dz1dz2

=

∫
v̂(z1)

>KHz(z1, z2)XX
>KHz(z1, z2)v̂(z1)dz1dz2, (5.7)

as in Section 5.1, it is easy to show that

X>KHz(z1, z2)[β̂(Z1, Z2)− β̂(Z1)] ≡ X>KHz(z1, z2)[MY −B{Xβ̂(Z1)}] ≡ X>KHz(z1, z2)v̂(z1),

where β̂(z1) is the nonparametric estimator obtained in (3.10) and the corresponding local-

constant least-squares estimator for β(z1, z2), where z1 and z2 are interior points in the

support of Z1ij...lt and Z2ij...lt, respectively, is

β̂(z1, z2;Hz) = (X>KHz(z1, z2)X)−1X>KHz(z1, z2)MY, (5.8)

where KHz(z1, z2) is the NT × NT matrix

KHz(z1, z2) = diag{KHz(Z1,11...11−z1)KHz(Z2,11...11−z2), . . . , KHz(Z1,N1N2...NlT
−z1)KHz(Z2,N1N2...NlT

−z2)}.

The resulting feasible test statistic (removing the non-zero center term) is given by

ÎcN =
R∏
r=1

1

NT (Nr − 1)(T − 1)

∑
ij...lt

∑
(i′j′...l′t′)6=(ij...lt)

̂̃vij...lt(z1)̂̃vi′j′...l′t′(z1)X>ij...ltXi′j′...l′t′

×KHz(Zij...lt, Zi′j′...l′t′), (5.9)
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where Zij...lt = (Z1ij...lt, Z2ij...lt) and ̂̃vij...lt(z1) is the transformed nonparametric within resid-

ual. This test statistic can be considered as a weighted conditional-moment test,

E[ṽij...lt(z1)X
>
ij...ltE(Xij...ltṽij...lt(z1)|Z1ij...lt, Z2ij...lt)f(Z1ij...lt, Z2ij...lt)]. This test is different from

what Henderson and Parmeter (2015) propose for irrelevant regressors.

The following theorem gives the asymptotic distribution of our proposed test statistic ÎcN:

Theorem 5.4. Suppose that Assumptions 3.1–3.5 and 3.6 and 3.7 hold. As Nmax →∞ for

T fixed,
√
Nmax|Hz|‖Hz‖4 = O(1) we have

a) Under Hc
0 ,

J cN =
N|Hz|1/2ÎcN√

Σ̂c

d−−→ N (0, 1),

where

Σ̂c =
R∏
r=1

(
Nr

2

)−1(
T

2

)−1

|Hz|−1
∑
ij...lt

∑
(i′j′...l′t′)6=(ij...lt)

̂̃v2

ij...lt(z1)
̂̃v2

i′j′...l′t′(z1)X
>
ij...ltXij...ltX

>
i′j′...l′t′Xi′j′...l′t′

×K2(Zij...lt, Zi′j′...l′t′)

is a consistent estimator of the asymptotic variance of N|Hz|1/2ÎcN for

Σc =
2(R+1)(T − 1)σ4

vR
q(K)

T 3
E[E(tr{Xij...ltX

>
i′j′...l′t′}2|Zij...lt)f(Zij...lt)].

b) Under Hc
1 , Pr(J cN ≥ Cc)→ 1 as Nmax →∞, where Cc is any positive constant.

The proof of this theorem is in the Appendix. Despite the fact that the test statistic J cN
is based on nonparametric residuals, under the necessary assumptions of Theorem 5.4, the

limiting properties of J cN are quite similar to what is assumed for JaN and J bN, which are based

on fully parametric residuals (each test is a nonparametric kernel-based test).

We recommend a bootstrap procedure for using this test in practice. Let ̂̃vij...l(z1) =

(̂̃vij...l1(z1), . . . , ̂̃vij...lT (z1))
> be a T × 1 vector of the within transformed nonparametric resid-

uals from a varying coefficient regression model. We propose to follow a similar procedure as

in Section 5.1 with ̂̃vij...l(z1) instead of ̂̃vij...l,a. Using the bootstrap sample to estimate β(·) via

the LSDV procedure proposed before and denoting these estimates by β̂∗(·), the bootstrap

residuals are computed as ̂̃v∗ij...lt(z1). The bootstrap test statistic J c∗N is obtained as we did

with J cN, but with ̂̃v∗ij...lt(z1) instead of ̂̃vij...lt(z1). The process is repeated B times and the

empirical distribution of the B bootstrap statistics is used to approximate the distribution

of the test statistic J c∗N under Hc
0 .
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5.3. Testing Random vs. Fixed Effects Frameworks. In this section, we discuss how

to test for the presence of random effects versus fixed effects in a varying coefficient multidi-

mensional panel data model as in Equation (1.2). The random effects specification assumes

that the unobserved heterogeneity (for individuals, group, and/or time) are uncorrelated

with the regressors Xij...lt and/or Zij...lt, while for the fixed effects specification we will allow

these heterogeneities to be correlated with some of the regressors in an unknown way.

We are interested in testing that all of the unobserved individual, temporal, and interactive

effects are uncorrelated with all of the covariates (Hd
0 ) versus the alternative that they may

be correlated with some of the covariates (Hd
1 ). The null and alternatives hypotheses can be

written as

Hd
0 : Pr{E(πij...lt|Zij...l1, . . . , Zij...lT , Xij...l1, . . . , Xij...lT ) = 0} = 1 for all i, j, . . . , l and t

Hd
1 : Pr{E(πij...lt|Zij...l1, . . . , Zij...lT , Xij...l1, . . . , Xij...lT ) 6= 0} > 0 for some i, j, . . . , l and t.

(5.10)

We maintain the assumption that E(vij...lt|Xij...l1, . . . , Xij...lT , Zij...l1, . . . , Zij...lT ) = 0 under

both Hd
0 and Hd

1 . Motivated by Sun et al. (2009), our test statistic is based on the squared

difference between the fixed and random effects estimators, which is asymptotically zero

under Hd
0 and positive under Hd

1 . Formally, we have

IdN =

∫
[β̂RE(z)− β̂FE(z)]>(X>KHz(z)X)>(X>KHz(z)X)[β̂RE(z)− β̂FE(z)]dz,

=

∫
v̂(z)>KHz(z)XX>KHz(z)v̂(z)dz,

given that (X>KHz(z)X)[β̂RE(z) − β̂FE(z)] = X>KHz(z){Y − Xβ̂FE(z)} = X>KHz(z)v̂d(z).

X>KHz(z)X has been used to avoid the random denominator problem. The corresponding

nonparametric estimators are

β̂FE(z) = (X>KHz(z)X)−1X>KHz(z)MY,

β̂RE(z) = (X>KHz(z)X)−1X>KHz(z)Y.

Removing the non-zero center terms and using the transformed residuals, ̂̃vd,ij...lt(z) instead

of v̂d,ij...lt(z), the resulting feasible test statistic is

ÎdN =
R∏
r=1

1

NT (Nr − 1)(T − 1)

∑
ij...lt

∑
(i′j′...l′t′)6=(ij...lt)

̂̃vd,ij...lt(z)̂̃vd,i′j′...l′t′(z)X>ij...ltXi′j′...l′t′

×KHz(Zij...lt, Zi′j′...l′t′). (5.11)

This leads to our theoretical result:



23

Theorem 5.5. Suppose that Assumptions 3.1–3.5 and 3.6–3.7 hold. As Nmax →∞ tends to

infinity for T fixed,
√
Nmax|Hz|‖Hz‖4 = O(1) and we have

a) Under Hd
0 ,

JdN =
N|Hz|1/2ÎdN√

Σ̂d

d−−→ N (0, 1),

where

Σ̂d =
R∏
r=1

(
Nr

2

)−1(
T

2

)−1

|Hz|−1
∑
ij...lt

∑
(i′j′...l′t′)6=(ij...lt)

̂̃v2

d,ij...lt(z)̂̃v2

d,i′j′...l′t′(z)X>ij...ltXi′j′...l′t′

×X>i′j′...l′t′Xij...ltK
2(Zij...lt, Zi′j′...l′t′)

is a consistent estimator of the asymptotic variance of N|Hz|1/2ÎdN for

Σd =
2(R+1)(T − 1)σ4

vR
q(K)

T 3
E[E({Xij...ltX

>
i′j′...l′t′}2|Zij...lt)f(Zij...lt)].

b) Under Hd
1 , Pr(JdN ≥ Cd)→ 1 as Nmax →∞, where Cd is any positive constant.

The proof of this theorem follows from similar reasoning as in the proof of Theorem 5.3.

For the sake of brevity it has been omitted, but the detailed proof is available upon request.

We note that this test statistic enables us to detect if any of the elements in πijt are

correlated with Xij...lt and/or Zij...lt. Nevertheless, if we are interested in checking whether

one particular element in πij...lt (i.e., µi for example) is correlated with Xij...lt and/or Zij...lt,

the proposed test statistic can be directly extended to accommodate this case with the

appropriately defined residuals.

To implement this test in practice, we propose to use a (slightly different from above)

residual-based wild bootstrap procedure. We define v̂ij...l(z1) = (v̂ij...l1(z1), . . . , v̂ij...lT (z1))
>

as a T -dimensional vector of random effects residuals (the null), where v̂ij...lt(zt) = Yij...lt −
X>ij...ltβ̂RE(Zij...lt;Hz) and β̂RE(·;Hz) is the random effect nonparametric estimator of (3.5)

of the form β̂RE(z;Hz) = gHz(z)>Y . We compute the two-point wild bootstrap errors as

in Section 5.1 with v̂ij...l(z1) instead of ̂̃vij...l. Using the bootstrap sample, we calculate the

fixed effects estimator6 for β(·), denoted by β̂∗(·), and obtain the bootstrap residuals by

v̂∗ij...lt(z1) = Y ∗ij...lt − X>ij...ltβ̂
∗(Zij...lt;Hz). The bootstrap test statistic Jd∗N is obtained as we

did with JdN except that v̂ij...lt(z1) is replaced by v̂ij...lt(z1). This process is repeated a large

6Henderson et al. (2008) suggest using a random effects estimator. However, Amini et al. (2012) point out
that the performance of the Hausman test is independent of the estimator used within the bootstrap, but in
finite samples the use of the fixed effects estimator leads to improved size.
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number (B) of times to obtain the empirical distribution of Jd∗N . We reject the null if JdN is

large relative to the empirical distribution of Jd∗N .

6. Finite Sample Performance

We use Monte Carlo simulations to assess how our proposed estimator and test statistics

perform in finite sample settings. Section 6.1 examines the finite sample behavior of the

varying coefficient LSDV estimator proposed in Equation (3.10). Section 6.2 analyzes the

behavior of the proposed tests, examining both their size and power properties.

6.1. Estimation. Given that the three dimensional case is the most common setting cur-

rently in the literature, we consider the following specification:

Yijt = Xijtβ(Zijt) + πijt + vijt, (6.1)

where β(Zijt) = sin(πZijt), Zijt is generated as an i.i.d. uniform [−1, 1] random variable,

Xijt = 0.5Xij(t−1) + ξijt, where ξijt is i.i.d. N(0, 1), and vijt is i.i.d. N(0, 1). In addition, we

consider three different data generating processes (DGPs) for the unobserved heterogeneities

and interactive effects

DGP1: πijt = µ1i + µ2j + µ3t + vijt,

DGP2: πijt = γ1ij + µ3t + vijt,

DGP3: πijt = µ1i + µ2j + µ3t + γ1ij + γ2it + vijt,

where µ1i = ϕi + cX i, µ2j = ϕj + cX j, µ3t = ϕt + cX t, γ1ij = ϕij + cX ij, γ2it = ϕit + cX it, and

γ3jt = ϕjt+cX jt, where ϕi, ϕj, ϕt, ϕij, ϕit, ϕjt are each i.i.d N(0, 0.12), X i = (N2T )−1
∑

jt
Xijt,

X j = (N1T )−1
∑

it
Xijt, and X t = (N1N2)

−1
∑

ij
Xijt. Xijt, Zijt, vijt, and all the unobserved

heterogeneities and interactive effects are mutually independent of each other, but Xijt and

the elements in πijt are correlated (i.e., the fixed effects case). When c = 0, we have to

deal with the random effects case. To assess the robustness of the LSDV estimator to the

presence of fixed effects, we let c = 0.8, 1, and 1.2.

The number of Monte Carlo replications is set to 1,000, the number of cross-sections

N = (N1N2) are varied from (15, 10), (20, 15), and (25, 20), while the number of time periods

is either 3 or 5. The Epanechnikov kernel function k(u) = 0.75(1 − u2)1{|u| ≤ 1} is used

and the bandwidth is chosen via Hz = hzIq = 2.34σ̂zN−1/5, where σ̂z is the sample standard

deviation of Zijt. To evaluate the estimation accuracy of the proposed estimator, we compute

the averaged mean squared errors (AMSE) of β̂(z), defined as

AMSE(β̂(Zijt, Hz)) =
1

Q

Q∑
%=1

1

N1N2T

N1∑
i=1

N2∑
j=1

T∑
t=1

[β̂(Zijt, Hz)− β(Zijt)]
2,
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where % refers to the %th simulation replication and Q is the total number of replications.

Figure 1 depicts boxplots of the 1,000 AMSE values of the varying coefficient LSDV

estimator. Consistency of our estimator is visually shown by all AMSE values converging

toward zero as either N or T increases. As expected, the simulation results are largely

unaffected by the value of c. We argue that our LSDV estimator is robust to the presence

of fixed effects in the variety of forms considered in DGP1–DGP3.

Figure 1. Boxplots of the AMSE values of the varying coefficient LSDV
estimator in 1,000 independent simulations.

Note: n1 = N = (15, 10), n2 = N = (20, 15), and n3 = N = (25, 20).
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6.2. Inference.

6.2.1. Specification. In order to illustrate the performance of our proposed tests for correct

functional form in finite samples, we consider the following three specifications:

Yijt = Xijtβ1 + Zijtβ2 + πijt + vijt, (6.2)

Yijt = β(Xijt, Zijt) + πijt + vijt, (6.3)

Yijt = Xijtβ(Zijt) + πijt + vijt, (6.4)

where (6.2) is a fully parametric model, (6.3) represents the fully nonparametric model, and

(6.4) is a varying coefficient regression model. For each specification, πijt is constructed as

in DGP1-DGP3 and the other random variables are generated as in Section 6.1. Also, it is

assumed β(Xijt, Zijt) = sin(2π(Xijt + Zijt)), β(Zijt) = sin(2Zijt), β1 = 5, and β2 = 2. We

only report results for c = 1 given that our test statistics are invariant to different values of c,

as shown in Section 6.1. We take N = (N1N2) varying from (10, 5), (15, 10), and (20, 15) and

T equal to 3, the number of Monte Carlo replications is 1,000, and within each replication,

200 bootstrap iterations are conducted to estimate the 1%, 5% and 10% upper percentile

values of the null distribution of our test statistics.

Table 2. Estimated size and power for the specification test ĴaN based on

bootstrap p-values.

DGP N T 10% 5% 1% 10% 5% 1%

Size Power

DGP1 (10,5) 3 0.095 0.045 0.015 1.000 1.000 1.000

(15,10) 3 0.113 0.061 0.015 1.000 1.000 1.000

(20,15) 3 0.112 0.061 0.009 1.000 1.000 1.000

DGP2 (10,5) 3 0.110 0.057 0.017 0.974 0.951 0.906

(15,10) 3 0.098 0.047 0.014 1.000 1.000 1.000

(20,15) 3 0.105 0.054 0.012 1.000 1.000 1.000

DGP3 (10,5) 3 0.104 0.055 0.009 0.865 0.753 0.563

(15,10) 3 0.106 0.056 0.015 1.000 1.000 0.992

(20,15) 3 0.105 0.054 0.012 1.000 1.000 1.000
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Table 3. Estimated size and power for the specification test Ĵ bN based on

bootstrap p-values.

DGP N T 10% 5% 1% 10% 5% 1%

Size Power

DGP1 (10,5) 3 0.083 0.049 0.017 0.946 0.908 0.824

(15,10) 3 0.097 0.046 0.017 0.999 0.995 0.989

(20,15) 3 0.095 0.052 0.016 1.000 0.999 0.996

DGP2 (10,5) 3 0.115 0.059 0.018 0.904 0.845 0.699

(15,10) 3 0.097 0.035 0.012 0.993 0.990 0.975

(20,15) 3 0.091 0.040 0.012 0.998 0.998 0.990

DGP3 (10,5) 3 0.084 0.036 0.012 0.852 0.765 0.570

(15,10) 3 0.098 0.052 0.009 0.994 0.987 0.955

(20,15) 3 0.114 0.065 0.018 1.000 0.997 0.990

Tables 2 and 3 present the estimated size and power for the specification test for Ha
0

against Ha
1 (parametric versus nonparametric), i.e., ĴaN , and for Hb

0 versus Hb
1 (parametric

against a varying coefficient model), i.e., Ĵ bN, respectively. Both test statistics have reasonable

empirical size even for relatively small samples across all percentile values. The tests ĴaN and

Ĵ bN display high power with their rejection rates increasing as the sample size increases. To

better demonstrate this power, Figures 2 and 3 plot power functions against the nominal

levels. The performance of these tests statistics are quite impressive, with power increasing

rapidly to 1 across the three DGPs considered.
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Figure 2. Power curves under Ha
1 .

Note: Plot of power curves against nominal levels for N = (10, 5) (orange line), N = (15, 10) (blue line),

N = (20, 15) (red line) are depicted, respectively, with T = 3 in all cases.

Figure 3. Power curves under Hb
1 .

Note: Plot of power curves against nominal levels for N = (10, 5) (orange line), N = (15, 10) (blue line),

N = (20, 15) (red line) are depicted, respectively, with T = 3 in all cases.
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6.2.2. Statistical significance. For the finite sample behavior of the proposed test for statis-

tical significance in a varying coefficient specification, we consider the following DGP

Yijt = Xijtβ(Z1ijt, Z2ijt) + πijt + vijt, (6.5)

where Z1ijt and Z2ijt are generated as i.i.d. uniform [−1, 1] and uniform [2, 4] random vari-

ables, respectively, and the rest of the variables are generated as in Section 6.1. Under Hc
0 ,

β(Z1ijt, Z2ijt) = sin(2πZ1ijt), while under Hc
1 , β(Z1ijt, Z2ijt) = sin(2π(Z1ijt + Z2ijt)). We take

N = (N1N2) varying from (10, 5), (15, 10), and (20, 15) and T equal to 3. The number of

Monte Carlo replications is 1,000, and within each replication, 200 bootstrap iterations are

conducted to estimate the 1%, 5% and 10% upper percentile values of the null distribution

of Ĵ cN.

Table 4 gives the proportion of rejections for the irrelevant regressors test at standard

nominal levels (for DGP1-DGP3). To fulfill the conditions in Theorem 5.4 related to the

bandwidth (i.e., NT |Hz| → ∞ and
√

NT |Hz|‖Hz‖4 → 0, as N → ∞), we take Hz1 ∼ N−α0

and Hz2 ∼ N−α0 , which require α0 ∈ ((2/9), 1). We use Hz = Hz1 × Hz2 , where Hz1 =

aσ̂z1N−2/7, Hz2 = aσ̂z2N−2/7, and σ̂z1 and σ̂z2 are the sample standard deviation of Z1ijt and

Z2ijt, respectively. Finally, as Yao and Wang (2020) and Lavergne and Vuong (2000) point

out, these type of nonparametric statistics depend heavily on the choice of bandwidth. To

assess this dependence, we select a from (0.5, 1.0, 1.5).

Table 4 shows that when Hc
0 is true, the level of our test behaves reasonably well across all

the DGPs with the rejection rate decreasing as the sample size increases. The sensitivity of

the test to the bandwidth choice is evident; for DGPs 2 and 3, the test over-rejects for large

values of a. In addition, when Hc
0 does not hold, the behavior of the estimated power in

Table 4 suggest the test is working. As N increases, the power of our test generally increases

rapidly. The choice of bandwidth appears to have some effect on the power of our test with

a larger value of a tending to yield higher power.

We also demonstrate the power performance of the test statistic Ĵ cN, in Figure 4 where

the power functions are plotted against the nominal levels across the three DGPs. We can

conclude that the test statistic performs well in finite samples across different values of a for

the bandwidth with power increasing towards 1 for all three DGPs.

6.2.3. Random vs. Fixed Effects. Finally, we examine the finite sample behavior of the

nonparametric test proposed for detecting random effects against fixed effects in a varying

coefficient specification. We consider the same three DGPS for (6.1), where c = 0 gives the

random effects model and c 6= 0 leads to the fixed effects model. Our bandwidth is computed

as Hz = hIq = aσ̂zN−1/5 where we take a = (0.8, 1.0, 1.2) in order to check the sensibility
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Table 4. Estimated size and power for the specification test Ĵ cN based on
bootstrap p-values.

DGP a N T 10% 5% 1% 10% 5% 1%

Size Power

DGP1 0.5 (10,5) 3 0.098 0.057 0.017 0.478 0.347 0.164

(15,10) 3 0.100 0.040 0.011 0.981 0.953 0.844

(20,15) 3 0.107 0.055 0.016 1.000 0.999 0.998

1.0 (10,5) 3 0.107 0.060 0.021 0.857 0.770 0.552

(15,10) 3 0.106 0.052 0.014 1.000 1.000 1.000

(20,15) 3 0.100 0.044 0.010 1.000 1.000 1.000

1.5 (10,5) 3 0.134 0.077 0.029 0.928 0.876 0.698

(15,10) 3 0.115 0.061 0.015 1.000 1.000 1.000

(20,15) 3 0.095 0.057 0.015 1.000 1.000 1.000

DGP2 0.5 (10,5) 3 0.185 0.105 0.032 0.376 0.264 0.100

(15,10) 3 0.170 0.094 0.042 0.853 0.776 0.544

(20,15) 3 0.162 0.082 0.027 0.992 0.985 0.952

1.0 (10,5) 3 0.228 0.144 0.060 0.691 0.579 0.357

(15,10) 3 0.215 0.130 0.044 0.999 0.989 0.969

(20,15) 3 0.194 0.096 0.038 1.000 1.000 1.000

1.5 (10,5) 3 0.283 0.190 0.071 0.819 0.718 0.480

(15,10) 3 0.266 0.172 0.048 1.000 1.000 0.999

(20,15) 3 0.231 0.130 0.045 1.000 1.000 1.000

DGP3 0.5 (10,5) 3 0.159 0.087 0.024 0.295 0.189 0.073

(15,10) 3 0.139 0.074 0.022 0.754 0.663 0.450

(20,15) 3 0.132 0.068 0.024 0.991 0.979 0.926

1.0 (10,5) 3 0.171 0.113 0.039 0.588 0.442 0.240

(15,10) 3 0.135 0.073 0.027 0.993 0.984 0.943

(20,15) 3 0.109 0.074 0.023 1.000 1.000 1.000

1.5 (10,5) 3 0.201 0.124 0.050 0.724 0.598 0.372

(15,10) 3 0.144 0.079 0.027 1.000 1.000 0.995

(20,15) 3 0.125 0.067 0.028 1.000 1.000 1.000

of this test statistic to the bandwidth choice. N = (N1N2) varies from (10, 5), (15, 10), and

(20, 15) while T is equal to 3, the number of Monte Carlo replications is 1,000, and within

each replication, 200 bootstrap iterations are performed.

The estimated size and power (under each scenario) of the Hausman test is presented in

Table 5, whereas Figures 5 and 6 graph the corresponding power functions. The estimated

size of our nonparametric Hausman-type test is close to nominal size when c = 0, but these
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Figure 4. Power curves under Hc
1 .

Note: Plot of power curves against nominal levels for N = (10, 5) (orange line), N = (15, 10) (blue line),

N = (20, 15) (red line) are depicted, respectively, with T = 3 in all cases.

results are affected by the choice of the bandwidth. In all DGPs, smaller values of a tend

to lead the test to under-reject. As c gradually departs from zero, the power of the tests

quickly converges to 1 as N increases. These power results are corroborated by the power

functions in Figures 5 and 6. We conclude that the proposed nonparametric Hausman test

has good finite sample size and power.
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Table 5. Estimated size and power for the Hausman test ĴdN based on boot-
strap p-values when some of the unobserved heterogeneity are fixed effects.

DGP a N T c 10% 5% 1% c 10% 5% 1% c 10% 5% 1%

Size Power Power

DGP1 0.8 (10,5) 3 0 0.043 0.019 0.005 0.8 0.526 0.438 0.297 1.2 0.767 0.720 0.602

(15,10) 3 0.029 0.010 0.001 0.649 0.547 0.406 0.894 0.857 0.767

(20,15) 3 0.019 0.005 0.001 0.713 0.629 0.481 0.956 0.924 0.849

1.0 (10,5) 3 0 0.072 0.031 0.009 0.8 0.609 0.533 0.374 1.2 0.813 0.770 0.664

(15,10) 3 0.062 0.030 0.005 0.742 0.677 0.534 0.926 0.903 0.840

(20,15) 3 0.054 0.021 0.006 0.810 0.730 0.569 0.979 0.961 0.913

1.2 (10,5) 3 0 0.141 0.060 0.010 0.8 0.694 0.606 0.442 1.2 0.869 0.819 0.716

(15,10) 3 0.135 0.075 0.015 0.805 0.746 0.616 0.954 0.935 0.883

(20,15) 3 0.105 0.057 0.016 0.877 0.807 0.672 0.990 0.975 0.941

DGP2 0.8 (10,5) 3 0 0.049 0.030 0.006 0.8 0.703 0.604 0.412 1.2 0.895 0.841 0.708

(15,10) 3 0.057 0.033 0.007 0.999 0.999 0.998 1.000 1.000 1.000

(20,15) 3 0.056 0.032 0.005 1.000 1.000 1.000 1.000 1.000 1.000

1.0 (10,5) 3 0 0.059 0.028 0.009 0.8 0.769 0.670 0.475 1.2 0.926 0.887 0.769

(15,10) 3 0.073 0.038 0.008 1.000 1.000 0.999 1.000 1.000 1.000

(20,15) 3 0.069 0.036 0.007 1.000 1.000 1.000 1.000 1.000 1.000

1.2 (10,5) 3 0 0.080 0.041 0.010 0.8 0.815 0.724 0.527 1.2 0.943 0.909 0.799

(15,10) 3 0.092 0.050 0.015 1.000 1.000 0.999 1.000 1.000 1.000

(20,15) 3 0.089 0.047 0.012 1.000 1.000 1.000 1.000 1.000 1.000

DGP3 0.8 (10,5) 3 0 0.053 0.026 0.008 0.8 0.843 0.812 0.742 1.2 0.922 0.902 0.857

(15,10) 3 0.025 0.011 0.002 0.957 0.943 0.909 0.987 0.982 0.973

(20,15) 3 0.021 0.011 0.004 0.982 0.966 0.943 0.999 0.998 0.988

1.0 (10,5) 3 0 0.095 0.044 0.010 0.8 0.890 0.855 0.783 1.2 0.945 0.928 0.894

(15,10) 3 0.065 0.031 0.009 0.968 0.955 0.935 0.992 0.990 0.979

(20,15) 3 0.052 0.027 0.009 0.988 0.982 0.967 0.999 0.998 0.993

1.2 (10,5) 3 0 0.128 0.077 0.018 0.8 0.915 0.894 0.827 1.2 0.958 0.949 0.915

(15,10) 3 0.145 0.069 0.016 0.985 0.976 0.953 0.995 0.994 0.987

(20,15) 3 0.117 0.058 0.018 0.995 0.992 0.981 1.000 1.000 0.998

7. Conclusion

Multidimensional panel models are becoming more popular in various applied economic

domains given the availability of detailed datasets and practitioners awareness that various

forms of heterogeneity are important to account for in economic modelling. Most of these

multidimensional models have focused on the parametric setting, which exposes the analysis

to various forms of misspecification. To broaden the scope of available methods, we have
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Figure 5. Power curves under Hd
1 when c = 0.8.

Note: Plot of power curves against nominal levels for N = (10, 5) (orange line), N = (15, 10) (blue line),

N = (20, 15) (red line) are depicted, respectively, with T = 3 in all cases.

presented a semiparametric varying coefficient model tailored to the multidimensional panel

data setting.

The estimator was built on the profile least squares approach and shown to posses standard

asymptotic properties for this class of estimators. To make the estimator more appealing

for the applied community, we also provided three important tests statistics. This required

nontrivial extensions to Hall (1984)’s CLT for a second-order degenerate U -statistic. Our

extension covers the case that more than one of the indices capturing heterogeneity in the

multidimensional panel can grow unbounded.

With this new central limit theory, we were able to characterize the limiting distribution

for test statistics for model misspecification, statistical significance and if the unobserved
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Figure 6. Power curves under Hd
1 when c = 1.2.

Note: Plot of power curves against nominal levels for N = (10, 5) (orange line), N = (15, 10) (blue line),

N = (20, 15) (red line) are depicted, respectively, with T = 3 in all cases.

heterogeneity was correlated with the regressors. To demonstrate the finite sample behavior

of our estimator and tests, we conducted a range of Monte Carlo simulations. The simulation

results suggest that our estimator behaves well in reasonable sample sizes, while the proposed

tests all had accurate empirical size and desirable power.

Appendix

Remember that gHz(z)> = (X>KHz(z)X)−1X>KHz(z) is a 1 × NT vector with a typical

element given by gHz ,ij...lt(z). Before proceeding to the asymptotic analysis of the proposed
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estimator and tests, we first establish some Lemmas that will be key to prove that re-

sults. Let us denote K(Zij...lt, Zi′j′...l′t′) = K(H−1
z (Zij...lt − Zi′j′...l′t′)), KHz(Zij...lt, Zi′j′...l′t′) =

|Hz|−1K(H−1
z (Zij...lt−Zi′j′...l′t′)), and similar definitions forK(Xij...lt, Xi′j′...l′t′) andKHx(Xij...lt, Xi′j′...l′t′).

Lemma 7.1. Under Assumptions 3.1, 3.4, and 3.6–3.7,

gHz ,ij...lt(z) = Ψ−1(z)Xij...ltKHz(Zij...lt, z) =
1

NT
B−1

XX(z)Xij...ltKHz(Zij...lt, z){1 + op(1)}.

where Ψ(z) = X>KHz(z)X and BXX(z) = E[Xij...ltX
>
ij...lt|Zij...lt = z]fZij...lt(z).

Proof of Lemma 7.1: Considering the denominator term, it can be shown that, as any

element in n tends to infinity,

1

NT
Ψ(z) = BXX(z){1 + op(1)}. (I.1)

In order to show this result, under Assumptions 3.1, 3.4 and 3.6, the law of iterated

expectation (LIE) yields

1

NT
E(Ψ(z)) = E(Xij...ltX

>
ij...lt|Zij...lt = z)fZij...lt(z)

∫
K(u)du+ op(‖Hz‖).

To conclude this proof, it is necessary to apply the Central Limit Theorem for which we

need to show that (NT )−2V ar(Ψ)→ 0, as Nmax →∞. Under Assumption 3.1,

1

N2T 2
V ar(Ψ) =

1

NT
V ar(Xij...ltX

>
ij...ltKHz(Zij...lt, z))

+
1

NT 2

T−1∑
κ=1

(κ− T )Cov(Xij...l1X
>
ij...l1KHz(Zij...l1, z), Xij...l(1+κ)X

>
ij...l(1+κ)KHz(Zij...l(1+κ), z))

= Op

(
1

N|Hz|

)
+ op

(
1

N|Hz|

)
.

Under Assumption 3.7, N|Hz| → ∞, so the variance term tends to zero. Then, using these

results and by the Slutsky theorem, the proof of the Lemma is done.

Lemma 7.2. Let JN1−1 = ıN1−1ı
>
N1−1 and let (JN2−1, . . . ,JNl−1,JT−1) be defined in a similar

way. Under Assumptions 3.1–3.7, it can be shown

(D>PD)−1 = (D>D)−1 −Op(νN), νN = tr{H2

z}+
1√
N|Hz|

,

where the specific structure of the matrix D depends on the form of the unobserved effects of

the regression model.
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Proof Lemma 7.2: This lemma can be proved adapting the proof scheme in Lemma A.5

in Gao and Kunpeng (2013) to this general case with composite fixed effects parameters.

Note that the proof has been omitted for the sake of brevity.

Proof of Theorem 3.1: Replacing (3.5) in (3.10) and rearranging terms, the local-

constant least-squares estimator to analyze can be written as

β̂(z;Hz) = (X>KHz(z)X)−1X>KHz(z)[B{X, β(Z)}+D0θ + V ]

= β̂1(z;Hz) + β̂2(z;Hz) + β̂3(z;Hz),

where β̂1(z;Hz) = gHz(z)>MB{X, β(Z)}, β̂2(z;Hz) = gHz(z)>MD0π, and β̂3(z;Hz) = gHz(z)>MV .

To derive the limiting results of β̂(z), it is enough to show√
N|Hz|(β̂(z;Hz)− β(z))−

√
N|Hz|(β̂1(z;Hz) + β̂2(z;Hz)− β(z)) =

√
N|Hz|β̂3(z;Hz), (I.2)

where we will demonstrate that (β̂1(z;Hz) + β̂2(z;Hz)− β(z)) contributes to the asymptotic

bias, whereas the right-hand side of (I.2) is asymptotically normal.

Analyzing the asymptotic behavior of β̂1(z;Hz), it can be decomposed into the following

terms

β̂1(z;Hz) = gHz(z)>B{X, β(z)} − gHz(z)>D(D>PD)−1D>PB{X, β(Z)}. (I.3)

Focusing on the first element and using a Taylor expansion yields

gHz(z)
>B{X,β(z)} − β(z)

= (X>KHz(z)X)−1
∑
ij...lt

Xij...ltKHz(Xij...lt, x)X>ij...lt{β(Zij...lt)− β(z)}

=
∑
ij...lt

gHz ,ij...lt(z)

{
X>ij...lt ⊗ (Zij...lt − z)>Dβ(z) +

1

2
X>ij...lt ⊗ (Zijt − z)>Hβ(z)(Zij...lt − z)

+ X>ij...ltRβ(z)
}
,

where Rβ(z) is a vector of Taylor series remainder terms such as

Rβ(Zij...lt, z) =

∫ 1

0

[
∂2β

∂z∂z>
(z + ω(Zij...lt − z))− ∂2β(z)

∂z∂z>

]
(1− ω)dω

and ω is a weight function. Therefore, the expression to analyze is

β̂1(z;Hz) = β(z) + B11(z) + B12(z)− B13(z), (I.4)
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where

B11(z) =
∑
ij...lt

gHz ,ij...lt(z)X>ij...lt ⊗ (Zij...lt − z)>Dβ(z)

+
1

2

∑
ij...lt

gHz ,ij...lt(z)X>ij...lt ⊗ (Zij...lt − z)>Hβ(z)(Zij...lt − z),

B12(z) =
∑
ij...lt

gHz ,ij...lt(z)X>ij...lt ⊗ (Zij...lt − z)>Rβ(Zij...lt, z)(Zij...lt − z),

B13(z) = gHz(z)>D(D>D)−1D>B{X, β(Z)}.

Considering first the behavior of B11(z) and using Lemma 7.1, under Assumptions 3.1, 3.4,

and 3.6, the LIE yields

E[B11(z)] = B−1

XX(z)E[Xij...ltX
>
ij...lt|Zij...lt = z]fZij...lt(z)⊗

∫
tr{H2

zuu
>K(u)duDβr(z)Df(z)}f−1

Zij...lt
(z)

+ B−1

XX(z)E[Xij...ltX
>
ij...lt|Zij...lt = z]fZij...lt(z)⊗

∫
tr{uu>H2

zHβ(z)}K(u)du

+ op(‖Hz‖2)

= µq2(K)diagd (tr{H2

zDf(z)Dβκ(z)}) ıdf−1

Zij...lt
(z) +

µq2(K)

2
diagd(tr{H2

zHβκ(z)})ıd

+ op(‖Hz‖2).

Following a similar proof scheme as in (I.1), it is easy to show that V ar(B11(z)) =

op

(
1

N|Hz |

)
, so we can conclude

B11(z) = µq2(K)diagd(tr{H2

zDf(z)Dβκ(z)})ıdf−1

Zijt
(z) +

µq2(K)

2
diagd(tr{H2

zHβκ(z)})ıd

+ op(‖Hz‖2) + op

(
1√
N|Hz|

)
. (I.5)

Similarly, by Lemma 7.1 and the Slutsky theorem, under Assumptions 3.1, 3.4, and 3.6,

as Nmax →∞,

B12 = op(‖Hz‖2). (I.6)

In order to prove this, using the LIE and the law of large numbers,

B12(z) =

∫
B−1

XX(z)E(Xij...ltX
>
ij...lt|Zij...lt = z +Hzu)⊗ (Hzu)>Rβ(z +Hzu, z)HzuK(u)

×f(z +Hzu)du.
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Let ζ(η) be the modulus of continuity of Hβ(z), Rβ(z+Hzu, z) ≤
∫ 1

0
ζ(ω‖Hzu‖)(1−ω)dω.

Using this property and by boundedness of fZij...lt(·) and BXX(·), we get

|B12(z)| ≤ C

∫ ∫ 1

0

|(Hzu)>||ζ(ω‖Hzu‖)|(1− ω)|Hzu|K(u)dudω

≤ Ctr

{∫
|u>H2

zu|K(u)du

}∫ 1

0

|ζ(ω‖Hzu‖)|dω = op(‖Hz‖2),

given that it is assumed that as Nmax → ∞, ζ(ω‖Hzu‖) → 0. This expression tends to zero

by the dominated convergence at the rate op(‖Hz‖2) and so (I.5) is proved.

Focusing on the behavior of B13(z) and following a similar reasoning as in Lemmas A.6-A.7

in Gao and Kunpeng (2013), B13(z) can be written as

B13(z) = gHz(z)>D(D>D)−1D>PB{X, β(Z)}+ (s.o.)

=
l∑

r=1

1

Nr

[
E[β(Zij...lt)] +Op

(
1√
N

)]
+

l∑
r=1

l∑
r′ 6=r

1

NrNr′

[
E[β(Zij...lt)] +Op

(
1√
N

)]
+ (s.o.). (I.7)

Using (I.5)-(I.7) in (I.4), we obtain

β̂1(z;Hz) = µq2(K)diagd(tr{H2

zDf(z)Dβr(z)})ıdf−1

Zijt
(z) +

µq2(K)

2
diagd(tr{H2

zHβr(z)})ıd

+ op(‖Hz‖2) + op

(
1√
N|Hz|

)
. (I.8)

Considering now the limiting result of β̂2(z;Hz), it is easy to show that MDπ = 0, where

M = INT − D(D>PD)−1D>P . Hence, by adding and subtracting terms and using Lemma

7.2, we can write

β̂2(z;Hz) = gHz(z)>MD0π0

= gHz(z)>[INT −D(D>PD)−1D>P ][D0π0 −Dπ +Dπ]

= gHz(z)>(D0π0 −Dπ)− gHz(z)>D(D>D)−1D>P (D0π0 −Dπ) + (s.o.).

Let D0π0−Dπ = NTπeNT , where π is the corresponding cross-sectional or temporal average

and eNT is a NT×1 vector having 1 in the entries related with the index of πijt and 0 otherwise.

Using this result and following a similar reasoning as in (I.7), by strict stationarity condition,

β̂2(z;Hz) =
π

NT
∑
ij...lt

B−1

XX(z)X1j...ltKH(Z1j...lt, z) + (s.o.)

= πB−1

XX(z)E(Xij...lt|Zij...lt = z)fZij...lt(z)(1 + op(1)) + (s.o.). (I.9)
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Considering the limiting behavior of β̂2(z;Hz), using the result obtained in (I.9) and As-

sumption 3.2, it is possible to conclude that√
N|Hz|β̂2(z;Hz) =

√
T |Hz|B−1

XX(z)T−1E(Xij...lt|Zij...lt = z)fZij...lt(z)
√
Nπ(1 + op(1)) (I.10)

and it converges in probability to zero when T |Hz| → 0 for T fixed. See Lemma A.9 in Gao

and Kunpeng (2013) for further details.

Now we focus on the limiting behavior of β̂3(z;Hz). Using the results in Lemma 7.2, the

expression to analyze is

β̂3(z;Hz) = gHz(z)>V − gHz(z)>D(D>D)−1D>V + (s.o.) (I.11)

Under Assumptions 3.1, E(β̂3(z)) = 0. Following a similar reasoning as in I.7, it is easy

to show, as Nmax → ∞, the second term of the right-hand side is asymptotically negligible.

Therefore, considering the variance term of β̂3(z;Hz), the expression to analyze is

N|Hz|V ar(β̂3(z;Hz)) = N|Hz|E[(X>KHz(z)X)−1X>KHz(z)V V >KHz(z)X(X>KHz(z)X)−1]

+ (s.o.). (I.12)

By Assumption 3.3, the vij...lt’s are i.i.d. in the subscripts (i, j, . . . , l). Similar to above,

by the law of iterated expectations, it can be shown that the middle term of (I.9) is

|Hz|
NT 2

∑
ij...l

∑
tt′

E[Xij...ltvij...ltvij...lt′X
>
ij...lt′KHz(Zij...lt, z)KHz(Zij...lt′ , z)]

=
σ2
vR

q(K)

T
BXX(z)(1 + op(1)). (I.13)

Replacing (I.13) and Lemma 7.1 in (I.12), the Slutsky’s theorem yields

V ar(β̂3(z;Hz)) =
σ2
uR

q(K)

NT |Hz|
B−1

XX(z)(1 + op(1)). (I.14)

To complete the proof of the theorem, it is necessary to show that as any element in N
tends to infinity, √

N|Hz|β̂3(z;Hz)
d−−→ N

(
0,
σ2
vR

q(K)

T
B−1

XX(z)

)
, (I.15)

for which the Lyapounov’s condition has to be checked. With this aim, we write√
N|Hz|
NT

∑
ij...lt

Xij...ltvij...ltKHz(Zij...lt, z) =
1

T
√
N

∑
ij...l

ξij...l,

where ξij...l = T−1
∑T

t=1
ξij...lt for ξij...lt = |Hz|1/2Xij...ltvij...ltKHz(Zij...lt, z). Under the assump-

tions of the theorem, ξij...l is a sequence of i.i.d. random variables, given that T is assumed
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to be fixed. To prove the Lyapounov condition, we have to analyze

l∏
r=1

lim
Nr→∞

s−(2+ε)

N

∑
ij...l

|ξij...lt|(2+ε) = 0,

where sN = V ar
(∑

ij...l
ξij...lt

)
= NT−1V ar(ξij...lt) + NT−1Cov(ξij...l1, ξij...lt).

In equation (I.13), it has been proved that, as H → 0,

V ar(ξij...lt) = σ2

vR
q(K)BXX(z)(1 + op(1)),

Cov(ξij...l1, ξij...lt) = op(1).

By Minkowski’s inequality and Assumption 3.8, following a similar method to that above,

it can be proved that, for some ε > 0, E|ξij...l|(2+ε) ≤ CT (2+ε)/2|Hz|−ε/2. Then, Assumption

3.7 yields

N−ε/2E|ξij...lt|(2+ε) ≤ C(N|Hz|)−ε/2 → 0

so the Lyapounov’s condition holds. Finally, using (I.8), (I.10), and (I.15) in (I.2), the proof

of the theorem is done.

Proof of Theorem 4.1: Let VN,ij...l =
∑i−1

i′=1

∑j−1

j′=1
. . .
∑l−1

l′=1
HN(χij...l, χi′j′...l′), for 2 ≤ i ≤

N1, 2 ≤ j ≤ N2, . . . , 2 ≤ l ≤ Nl. In order to prove this theorem, the following two conditions

have to be checked. As any element in N tends to infinity, for each ε > 0,

a) r−2
N

∑
ij...l

E[V2
N,ij...l1(|VN,ij...l| > εrN)] −→ 0,

b) r−2
N V2

N
p−→ 1,

where r2N = E(U 2
N) and V2

N =
∑N1

i=2

∑N2

j=2
. . .
∑Nl

l=1
E
(
V2

N,ij...l|χ11...1, . . . , χ(i−1)(j−1)...(l−1)

)
.

If these two conditions hold, we can resort to the CLT of Brown (1971) in the same way

as Hall (1984) did for a one-sample degenerate U-statistics. Then, it is possible to conclude

that r−1
N UN ∼ N(0, 1).

In order to check the condition a), we need to obtain the bounds of E[V4
N] and prove

that r−4
N

∑N1

i=2

∑N2

j=2
. . .
∑Nl

l=1
E[V4

N,ij...l]
p−→ 0, as any element in N tends to infinity. Then, the
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Lindeberg condition collected in (I) is obtained immediately from

lim
N→∞

r−2

N

N1∑
i=2

N2∑
j=2

. . .

Nl∑
l=2

E[V2

N,ij...l1(|VN,ij...l| > εrN)] ≤ lim
N→∞

r−2

N

N1∑
i=2

N2∑
j=2

. . .

Nl∑
l=2

E

[
V2

N,ij...l

(V2
N,ij...l

ε2r2N

)]

= ε−2 lim
N→∞

r−4

N

N1∑
i=2

N2∑
j=2

. . .

Nl∑
l=1

E[V4

N,ij...l] = 0.

(I.16)

To analyze r2N = E[U 2
N ], we use Assumption 3.1 and the LIE, obtaining

r2N =

N1∑
i=2

N2∑
j=2

. . .

Nl∑
l=2

i−1∑
i′=1

j−1∑
j′=1

. . .
l−1∑
l′=1

E[H2
N(χij...l, χi′j′...l′)]

+

N1∑
i=2

N2∑
j=2

. . .

Nl∑
l=2

i−1∑
i′=1

j−1∑
j′=1

. . .

l−1∑
l′=1

i−1∑
i′′ 6=i′

j−1∑
j′′ 6=j′

. . .

l−1∑
l′′ 6=l′

E[HN(χij...l, χi′j′...l′)E[HN(χij...lχi′′j′′...l′′ |χij...l, χi′j′...l′)]]

=

N1∑
i=2

N2∑
j=2

. . .

Nl∑
l=2

(i− 1)(j − 1)× . . .× (l − 1)E[H2
N(χ11...1, χ22...2)]

=
N
2R

l∏
r=1

(Nr − 1)E[H2
N(χ11...1, χ22...2)],

given that E[HN(χij...l, χi′′j′′...l′′)|χij...l, χi′j′...l′ ] = 0 by the degeneracy of the U-statistic,7 so

we can say

r4N =
N2

22R

l∏
r=1

(Nr − 1)2E[H2

N(χ11...1, χ22...2)]
2, (I.17)

where R is the total number of cross-sectional samples.

If we consider the behavior of E[V4
N,ij...l], it is possible to show that, based on the law of

iterated expectations and the degeneracy of the U-statistic,

E[V4

N,ij...l] =
i−1∑
i′=1

j−1∑
j′=1

. . .
l−1∑
l′=1

E[H4

N(χij...l, χi′j′...l′)]

+ 3
i−1∑
i′=1

j−1∑
j′=1

. . .

l−1∑
l′=1

i−1∑
i′′=1

j−1∑
j′′=1

. . .

l−1∑
l′′=1

E[H2

N(χij...l, χi′j′...l′)H
2

N(χij...l, χi′′j′′...l′′)]

= (i− 1)(j − 1)× . . .× (l − 1)E[H4

N(χ11...1, χ22...2)]

+ 3(i− 1)(i− 2)(j − 1)(j − 2)× . . .× (l − 1)(l − 2)E[H2

N(χ11...1, χ22...2)H
2

N(χ11...1, χ33...3)],

7UN is a degenerate U-statistic given that, using Assumption 3.6, it can be shown that HN(χij...l, χi′j′...l′) is
a symmetric function, E[HN(χij...l, χi′j′...l′)] = 0, and E[H2

N(χij...l, χi′j′...l′)] ≤ ∞ as any element in N tends
to infinity.
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so it yields∑
ij...l

E[V4

N,ij...l] ≤ CN2E[H4

N(χ11, χ22)] + CN3E[H2

N(χ11, χ22)H
2

N(χ11, χ33)]

≤ CN2(1 + N)E[H4

N(χ11...1, χ22...2)], (I.18)

where the Cauchy-Schwarz inequality was used on the second element of the right-hand side

of the above expression.

Therefore, using (I.17)-(I.18) we can conclude that, as any element in N tends to infinity,

r−2

N

N1∑
i=2

N2∑
j=2

. . .

Nl∑
l=2

E[V2

N,ij...l1(|VN,ij...l| > εrN)] ≤ CE[H4
N(χ11...1, χ22...2)]

NE[H2
N(χ11...1, χ22...2)]2

p−→ 0, (I.19)

so it is proved that condition a) holds.

Considering now the condition b), we need to prove the convergence in squared mean of

r−2
N V2

N to 1, which implies that r−2
N VN

p−→ 1, by obtaining bounds for E[V4
N]. Let us denote

GN(x, y) = E[HN(χ11 . . . 1, x)Hn(χ11...1, y)] and V 2
N =

∑N1

i=2

∑N2

j=2
. . .
∑Nl

l=2
υN,ij...l, where

υN,ij...l =
i−1∑
i′=1

j−1∑
j′=1

. . .
l−1∑
l′=1

GN(χi′j′...l′ , χi′j′...l′) + 2
∑∑

2≤i′<i′′≤i−1

∑∑
2≤j′<j′′≤j−1

. . .
∑∑

2≤l′<l′′≤l−1

GN(χi′j′...l′ , χii′j′′...l′′).

If (i1 ≤ i2), (j1 ≤ j2) and so on,

E[υN,i1j1υN,i2j2 ] =

i1−1∑
i′1=1

j1−1∑
j′1=1

. . .

l1−1∑
l′1=1

E[G2
N(χ11...1, χ11...1)] +

i1−1∑
i′1=1

i2−1∑
i′2>i′1

j1−1∑
j′1=1

j2−1∑
j′2>j′1

. . .

l1−1∑
l′1=1

l2−1∑
l′2>l′1

{E[GN(χ11...1, χ11...1)]}2

+ 4
∑∑

2≤i′1<i′′1≤(i1−1)

∑∑
2≤j′1<j′′1 ≤(j1−1)

. . .
∑∑

2≤l′1<l′′1≤(l1−1)

E[G2
N(χ11...1, χ22...2)]

given that, if (i′1 ≤ i′′1 , j
′
1 ≤ j ′′1 , . . . , l

′
1 ≤ l′′1 ), (i′2 ≤ i′′2 , j

′
2 ≤ j ′′2 , . . . , l

′
2 ≤ l′′2 ),

E[GN(χi′1j′1...l′1 , χi′′1 j′′1 ...l′′1 )GN(χi′2j′2...l′2 , χi′′2 j′′2 ...l′′2 )]

=



E[G2
N(χ11...1, χ11...1)] if i′1 = i′′1 , j

′
1 = j′′1 , . . . , l

′
1 = l′′1 , i

′
2 = i′′2 , j

′
2 = j′′2 , . . . l

′
2 = l′′2 , i

′
1 = i′2, j

′
1 = j′2, . . . l

′
1 = l′2

{E[GN(χ11...1, χ11...1)]}2 if i′1 = i′′1 , j
′
1 = j′′1 , . . . , l

′
1 = l′′1 , i

′
2 = i′′2 , j

′
2 = j′′2 , . . . , l

′
2 = l′′2 , i

′
1 6= i′2, j

′
1 6= j′2, . . . l

′
1 6= l′2

E[G2
N(χ11...1, χ22...2)] if i′1 = i′′1 , j

′
1 = j′′1 , . . . l

′
1 = l′′1 , i

′
2 = i′′2 , j

′
2 = j′′2 , . . . , l

′
2 = l′′2 , i

′
1 < i′2, j

′
1 < j′2, . . . , l

′
1 < l′2

0 otherwise.

Using these results and rearranging terms, we get

E[V4

N] ≤ CN3V ar[GN(χ11...1, χ11...1)] + CN4{GN(χ11...1, χ22...2)}2 + CN4E[G2

N(χ11...1, χ22...2)]

≤ CN3E[G2

N(χ11...1, χ11...1)] + CN4E[χ2

N(χ11...1, χ22...2)] + CN3(N− 1){E[GN(χ11...1, χ11...1)]}2,
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and E[V2
N − r2N] ≤ CN4E[G2

N(χ11...1, χ22...2)] +CN3E[H4
N(χ11...1, χ22...2)], where we have used the

fact that V ar[GN(χ11...1, χ11...1)] = E[G2
N(χ11...1, χ11...1)]−{E[GN(χ11...1, χ11...1)]}2 and E[G2

N(χ11...1, χ11...1)] =

E[H4
N(χ11...1, χ22...2)].

Using the bound of E[V4
N] and E[V2

N] = r2N, it results that, as Nmax∞,

E[(r−2

N V2

N − 1)2] = r−4

N E[(V2

N − r2N)2]

≤ CE[G2
N(χ11...1, χ22...2)] + N−1E[H4

N(χ11...1, χ22...2)]

{E[H2
N(χ11...1, χ22...2)]}2

→ 0. (I.20)

Then, r−2
N V2

N converges to 1 in squared mean, which implies r−2
N V2

N
d−→ 1 and proves the

condition b).

Proof of Theorem 5.1: Let W̃ij...lt = [X̃ij...lt, Z̃ij...lt] be a (d + q) × 1 vector. Under Ha
0 ,

the transformed residuals can be written as ̂̃vij...lt = ṽij...lt − W̃>
ij...lt(β̂0 − β). The proposed

test statistic can then be written as

ÎaN =
1

N2T 2

∑
ij...lt

∑
i′j′...l′t′

ṽij...ltṽi′j′...l′t′KHx(Xij...lt, Xi′j′...l′t′)KHz(Zij...lt, Zi′j′...l′t′)

− 2

N2T 2

∑
ij...lt

∑
i′j′...l′t′

ṽij...ltW̃
>
i′j′...l′t′(β̂0 − β)KHx(Xij...lt, Xi′j′...l′t′)KHz(Zij...lt, Zi′j′...l′t′)

+
1

N2T 2

∑
ij...lt

∑
i′j′...l′t′

(β̂0 − β)>W̃ij...ltW̃
>
i′j′...l′t′(β̂0 − β)KHz(Xij...lt, Xi′j′...l′t′)KHz(Zij...lt, Zi′j′...l′t′)

= IIaN1
− 2IIaN2

+ IIaN3
, (I.21)

where the definitions of IIaNs , s = 1, 2, 3 should be apparent from the context. Using β̂0−β =

Op(N−1/2), it is easy to show that, under Ha
0 , IIaN2

= Op(N−1) and IIaN3
= Op(N−1). Hence, IIaN1

is the leading term of ÎaN under Ha
0 .

In order to obtain the asymptotic distribution of ÎaN under Ha
0 , we write (I.21) as a general

second-order U-statistic of the form

IaN1
=

R∏
r=1

(
Nr

2

)−1 N1−1∑
i=1

N1∑
i′=1+i

N2−1∑
j=1

N2∑
j′=1+j

. . .

Nl−1∑
l=1

Nl∑
l′=1+l

Ha

N(χij...l, χi′j′...l′)|Hx|−1|Hz|−1, (I.22)

where now χij...l = (Xij...l, Zij...l) andHa
N(χij...l, χi′j′...l′) is a symmetric, centered and degenerate

variable of the form

Ha

N(χij...l, χi′j′...l′) =

(
T

2

)−1 T−1∑
t=1

T∑
t′=1+t

ṽij...ltṽi′j′...l′t′K(Xij...lt, Xi′j′...l′t′)K(Zij...lt, Zi′j′...l′t′).
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Under Assumptions 3.1 and 3.2, N|Hx|1/2|Hz|1/2ÎaN = N|Hx|1/2|Hz|1/2IIaN1
+Op(|Hz|1/2|Hx|1/2)

given that it can be shown that IIaN1
has zero mean and asymptotic variance given by

V ar(IIaN1
) =

R∏
r=1

2(R+1)

NT (Nr − 1)(T − 1)|Hx|2|Hz|2
E[ṽ2ij...ltṽ

2
i′j′...l′t′K

2(Xij...lt, Xi′j′...l′t′)K
2(Zij...lt, Zi′j′...l′t′)] + (s.o.)

=

R∏
r=1

2(R+1)(T − 1)R2q(K)σ4
v

N(Nr − 1)T 3|Hx||Hz|

∫
f2(Xij...lt, Zij...lt)dXij...ltdZij...lt

∫
K2(u1)K2(u2)du1du2

×(1 + op(1))

=

R∏
r=1

2(R+1)(T − 1)R(q+d)(K)σ4
v

N(Nr − 1)T 3|Hx||Hz|
E[f(X11...1t, Z11...1t)](1 + op(1)).

Let Ga
N(χ11...1, χ22...2) = E[Ha

N(χ11...1, χij...l)H
a
N(χ22...2, χij...l)]. Straightforward calculations

yield

E[{Ga
N(χ11...1, χ22...2)}2] + N−1E[{Ha

N(χ11...1, χ22...2)}4]
{E[{Ha

N(χ11...1, χ22...2)}2]}2
=
Op(|Hx|3|Hz|3) +Op(N−1|Hx||Hz|)

Op(|Hx|2|Hz|2)
→ 0

provided that |Hx| → 0, |Hz| → 0, and N|Hx||Hz| → ∞ as Nmax →∞. Applying the CLT in

Theorem 5.1, we can conclude

Nmax|Hx|1/2|Hz|1/2ÎaN
d−−→ N(0,Σa), (I.23)

where Σa = 2(R+1)(T−1)R(q+d)(K)σ4
v

T3|Hx||Hz |
E[f(X11...1t, Z11...1t)].

Following a similar reasoning as in (I.21), it can be shown that the leading term of Σ̂a

under Ha
0 is given by

Σ∗a =
R∏
r=1

4

N(Nr − 1)

N1−1∑
i=1

N1∑
i′=1+i

N2−1∑
j=1

N2∑
j′=1+j

. . .

Nl−1∑
l=1

Nl∑
l′=1+l

Ha

N(χij...l, χi′j′...l′), (I.24)

with Ha
N(χij...l, χi′j′...l′) being a second-order U-statistic of the form

Ha

N(χij...l, χi′j′...l′) =

(
T

2

)−1 T−1∑
t=1

T∑
t′=1+t

ṽ2

ij...ltṽ
2

i′j′...l′t′K
2(Xij...lt, Xi′j′...l′t′)KH(Zij...lt, Zi′j′...l′t′)|Hx|−1|Hz|−1.

In order to establish the asymptotic equivalence of Σ̂a to Σa, we need to check the limiting

behavior of E[‖Ha
N(χij...l, χi′j′...l′)‖2]. Using the law of iterated expectations, Assumption 3.2,
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and the strict stationarity assumption, we get

E[‖Ha

N(χij...l, χi′j′...l′)‖2]

=

(
T

2

)−2
1

|Hx|2|Hz|2
T−1∑
t=1

T∑
t′=1+t

T−1∑
s=1

T∑
s′=1+s

E[E(ṽ2

ij...ltṽ
2

i′j′...l′t′ ṽ
2

ij...lsṽ
2

i′j′...l′s′)K
2(Xij...lt, Xi′j′...l′t′)

×K2(Zij...lt, Zi′j′...l′t′)K
2(Xij...ls, Xi′j′...l′s′)K

2(Zij...ls, Zij...l′s′)]

=
2{E(ṽ4

ij...lt)}2

T (T − 1)|Hx||Hz|

∫
K4(u1)K

4(u2)du1du2

∫
f(Xi′j′...l′t′ , Zi′j′...l′t′)dXi′j′...l′t′dZi′j′...l′t′

×(1 + op(1))

= Op(|Hx|−1|Hz|−1) = op(N), (I.25)

with a finite T as E(v4
ij...lt) = τ4 <∞. Using this result and following a similar reasoning as

in Lemma 3.1 of Powell et al. (1989), we can conclude that
√
Nmax(Σ̂a−Σa) = op(1). Hence,

it is easy to show that E(Σ∗a) = Σa + op(1), which completes the first part of the proof.

Focusing now on the second part of the theorem, the transformed residuals under the

H1 can be written as ̂̃vij...lt = ṽij...lt + β̃(Xij...lt, Zij...lt) − W̃>
ij...ltβ̂, where β̃(Xijt, Zijt) is the

within transformed unknown function. Assumptions 3.1 and 3.2 and 5.1 and 5.2 ensure

β̂ = β+Op(N−1/2), where β is the probability limit of β̂. We can replace β̂ by β in analyzing

the behavior of ÎaN under Ha
1 . Using the fact that vij...lt is independent of (Xij...lt, Zij...lt), the

expression to analyze is

ÎaN =
1

N2T 2|Hx||Hz|
∑
ij...lt

∑
i′j′...l′t′

ṽij...ltṽi′j′...l′t′K(Xij...lt, Xi′j′...l′t′)K(Zij...lt, Zi′j′...l′t′)

+
1

N2T 2|Hx||Hz|
∑
ij...lt

∑
i′j′...l′t′

[β̃(Xij...lt, Zij...lt)− W̃>ij...ltβ]

×[β̃(Xi′j′...l′t′ , Zi′j′...l′t′)− W̃>i′j′...l′t′β]K(Xij...lt, Xi′j′...l′t′)K(Zij...lt, Zi′j′...l′t′) +Op

(
1√
N

)
= IIaN1

+ ĨI
a

N2
+Op

(
1√
N

)
, (I.26)

where the definitions of IIaN1
and ĨI

a

N1
should be apparent from the context.

IIaN1
has been analyzed previously, so we can conclude that IIaN1

= Op((N|Hx|1/2|Hz|1/2)−1).

Considering now ÎI
b

N2
and following a similar reasoning as in (I.25), it is easy to show

that E[‖H̃a
N(χij...l, χi′j′...l′)‖2] = Op(|Hx|−1|Hz|−1) = op(N). Then, by Lemma 3.1 of Pow-

ell et al. (1989), we obtain ĨI
a

N2
= E[Ha

N(χij...l, χi′j′...l′)] + op(1), where we denote ψ̃a
ij...lt =
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β̃(Xij...lt, Zij...lt)− W̃>
ij...ltβ and

H̃a

N(χij...l, χi′j′...l′) =

(
T

2

)−1 T−1∑
t=1

T∑
t′=1+t

ψ̃a

ij...ltψ̃
a

i′j′...l′t′K(Xij...lt, Xi′j′...l′t′)K(Zij...lt, Zi′j′...l′t′)|Hx|−1|Hz|−1.

Under Assumption 3.1, (Xij...lt, Zij...lt) are independent of (Xi′j′...l′t′ , Zi′j′...l′t′), for i 6= i′, j 6=
j ′, . . . , l′ 6= l′. Then, by the law of iterated expectations and the strict stationarity condition,

E[HaN(χij...l, χi′j′...l′)] =

(
T

2

)−1 1

|Hx||Hz|

T−1∑
t=1

T∑
t′=1+t

∫
E[ψ̃aij...lt|Xij...lt, Zij...lt]E[ψ̃ai′j′...l′t′ |Xi′j′...l′t′ , Zi′j′...l′t′ ]

×K(Xij...lt, Xi′j′...l′t′)K(Zij...lt, Zi′j′...l′t′)f(Xij...lt, Zij...lt)f(Xi′j′...l′t′ , Zi′j′...l′t′)

×dXij...ltdZij...ltdXi′j′...l′t′dZi′j′...l′t′

= E
[
{M(Xij...lt, Zij...lt)}2f(Xij...lt, Zij...lt)

]
, (I.27)

where M(Xij...lt, Zij...lt) = E[ψ̃a
ij...lt|Xij...lt, Zij...lt]. It follows that

ĨI
a

n2
= E[{M(Xij...lt, Zij...lt)}2f(Xij...lt, Zij...lt)] + op(1),

given that it is assumed that E[{M(Xij...lt, Zij...lt)}2f(Xij...lt, Zij...lt)] is a positive constant.

Finally, we have to show that Σ̂a converges to a positive constant under Ha
1 . With this

aim, Σ̂a can be written as

Σ̂a =
R∏
r=1

(
Nr

2

)−1 N1−1∑
i=1

N1∑
i′=1+i

N2−1∑
j=1

N2∑
j′=1+j

. . .

Nl−1∑
l=1

Nl∑
l′=1+l

BaN(χij...l, χi′j′...l′) + op(1), (I.28)

where BaN(χij...l, χi′j′...l′) is a second-order U-statistic defined as

BaN(χij...l, χi′j′...l′) =

(
T

2

)−1
1

|Hx||Hz|

T−1∑
t=1

T∑
t′=1+t

(ṽij...lt + ψ̃a

ij...lt)
2(ṽi′j′...l′t′ + ψ̃a

i′j′...l′t′)
2K2(Xij...lt, Xi′j′...l′t′)

×K2(Zij...lt, Zi′j′...l′t′).

Following a similar procedure as above, it can be shown that E[‖BaN(χij...l, χi′j′...l′)‖2] =

Op(|Hx||Hz|) = op(N). Using Lemma 3.1 of Powell et al. (1989), we can conclude that

Σ̂a

p−→ Σa, given that it can be shown that BaN(χij...l, χi′j′...l′) converges in probability to

a finite positive number as any element in N tends to infinity (as does Σ̂a). Finally,

combining the above results, we obtain that, under Ha
1 , the standardized test statistic

ĴaN = N|Hx|1/2|Hz|1/2ÎaN/
√

Σ̂a diverges to +∞ at the rate N|Hx|1/2|Hz|1/2. This completes

the proof of the Theorem.
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Proof of Theorem 5.2: The proof of the result for ÎbN under Hb
0 is similar to Theorem

5.1. ÎbN can be written as a second-order U-statistic of the form

ÎbN =
R∏
r=1

(
Nr

2

)−1 N1−1∑
i=1

N1∑
i′=1+i

N2−1∑
j=1

N2∑
j′=1+j

. . .

Nl−1∑
l=1

Nl∑
l′=1+l

Hb

N(χij...l, χi′j′...l′)|Hz|−1 +Op

(
1

N

)
, (I.29)

whereHb
N(χij...l, χi′j′...l′) =

(
T

2

)−1∑T−1

t=1

∑T

t′=1+t
ṽij...ltṽi′j′...l′t′X

>
ij...ltXi′j′...l′t′K(Zij...lt, Zi′j′...l′t′). Let

Gb
N(χ11...1, χ22...2) = E[Hb

N(χ11...1, χij...l)H
b
N(χ22...2, χij...l)]. It can be shown that, as any element

in N tends to infinity,

E[{Gb
N(χ11...1, χ22...2)}2] + N−1E[{Hb

N(χ11...1, χ11...1)}4]
{Hb

N(χ11...1, χ22...2)}2
=
Op(|Hz|3) +Op(N−1|Hz|)

Op(|Hz|2)
→ 0. (I.30)

The results in Theorem 4.1 can be used to obtain the asymptotic distribution of the test

statistic ÎbN under Hb
0 following a similar reasoning as in the proof of Theorem 5.1. For sake

of brevity, it has been omitted.

Focusing now on the proof of the second part of the theorem, the transformed residuals

under Hb
1 are written as ̂̃vij...lt = ṽij...lt + β̃(Xij...lt, Zij...lt)− W̃>

ij...ltβ̂, where now β̃(Xij...lt, Zij...lt)

is the corresponding within transformation of X>ij...ltβ(Zij...lt) and π̃bij...lt = β̃(Xij...lt, Zij...lt) −
W̃>

ij...ltβ. Following a similar reasoning as in (I.26), the expression to analyze is

ÎbN =
1

N2T (T − 1)|Hz|
∑
ij...lt

∑
i′j′...l′t′

ṽij...ltṽi′j′...l′t′X
>
ij...ltXij...ltK(Zij...lt, Zi′j′...l′t′)

+
1

N2T (T − 1)|Hz|
∑
ij...lt

∑
i′j′...l′t′

ψ̃b

ij...ltψ̃
b

i′j′...l′t′X
>
ij...ltXi′j′...l′t′K(Zij...lt, Zi′j′...l′t′) +Op

(
1√
N

)
= IIbN1

+ IIbN2
+Op

(
1

N

)
, (I.31)

where the definitions of IIbN1
and IIbN2

should be apparent.

Under Assumption 3.3, it can be shown that IIbN1
has zero mean and variance

V ar(IIbn1
) =

R∏
r=1

2(R+1)

NT (Nl − 1)(T − 1)|Hz|2
E[ṽ2ij...ltṽ

2
i′j′...l′t′X

>
ij...ltXi′j′...l′t′X

>
i′j′...l′t′Xij...ltK

2(Zij...lt, Zi′j′...l′t′)]

=
R∏
r=1

2(R+1)(T − 1)σ4v
NT 3(Nr − 1)|Hz|

∫
E(tr{Xij...ltX

>
i′j′...l′t′}2|Zij...lt)f(Zij...lt)f(Zij...lt +Hzu)dZij...lt

×
∫
K2(u)du

=

R∏
r=1

2(R+1)(T − 1)σ4uR
q(K)

NT 3(Nr − 1)|Hz|
E[E(tr{Xij...ltX

>
i′j′...l′t′}2|Zij...lt)f(Zij...lt)](1 + op(1)).
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Following a similar procedure as in (I.27), it can be shown that IIbN2
converges in probability

to a finite number as Nmax → ∞ under Hb
1 . To complete the proof, it is necessary to show

that Σ̂b converges to a positive constant under Hb
1 . With this aim, Σ̂b can be rewritten as

Σ̂b =
R∏
r=1

(
Nr

2

)−1 N1−1∑
i=1

N1∑
i′=1+i

N2−1∑
j=1

N2∑
j′=1+j

. . .

Nl−1∑
l=1

Nl∑
l′=1+l

BbN(χij...l, χi′j′...l′),

where

BbN(χij...l, χi′j′...l′) =

(
T

2

)−1
1

|Hz|

T−1∑
t=1

T∑
t′=1+t

(ṽij...lt + ψ̃b

ij...lt)
2(ṽi′j′...l′t′ + ψ̃b

i′j′...l′t′)
2tr{Xij...ltX

>
i′j′...l′t′}2

×K2(Zij...lt, Zi′j′...l′t′)

is a standard second-order U-statistic. Under a similar reasoning as in (I.28), it is easy to

show that E[‖BbN(χij...l, χi′j′...l′)‖2] = Op(|Hz|) = op(N), so we can conclude that Σ̂b

p−→ Σb

given that, as any element in N tends to infinity, we can prove that BbN(χij...l, χi′j′...l′) converges

in probability to a finite positive constant. Combining these results, it is proved that the

standardized test statistic, J bN, diverges to +∞ at the rate of N|Hz|1/2, which completes the

proof of this theorem.

Proof of Theorem 5.3: Define B∗(Xij...lt, β(Zij...lt), β̂(Zij...lt)) = B(Xij...lt, β̂(Zij...lt;Hz))−
B(Xij...lt, β(Zij...lt;Hz)), where B(Xij...lt, β(Zij...lt)) ≡ X>ij...ltβ(Zij...lt) and B(Xij...lt, β̂(Zij...lt)) ≡
X>ij...ltβ̂(Zij...lt;Hz) . Under Hc

0 , the transformed nonparametric residuals can be written as

v̂ij...lt(z1) = ṽij...lt − B̃∗(Xij...lt, β(Zij...lt), β̂(Zij...lt)), where B̃∗(Xij...lt, β(Zij...lt), β̂(Zij...lt)) is the

corresponding transformed expression of B∗(Xij...lt, β(Zij...lt), β̂(Zij...lt)). The expression to

analyze is

IIcN =
1

N2T 2

∑
ij...lt

∑
i′j′...l′t′

ṽij...ltṽi′j′...l′t′X
>
ij...ltXi′j′...l′t′KHz(Zij...lt, Zi′j′...l′t′)

+
1

N2T 2

∑
ij...lt

∑
i′j′...l′t′

B̃∗(Xij...lt, β(Zij...lt), β̂(Zij...lt))B̃
∗(Xi′j′...l′t′ , β(Zi′j′...l′t′), β̂(Zi′j′...l′t′))

×KHz(Zij...lt, Zi′j′...l′t′)

− 2

N2T 2

∑
ij...lt

∑
i′j′...l′t′

ṽij...ltṽi′j′...l′t′B̃
∗(Xi′j′...l′t′ , β(Zi′j′...l′t′), β̂(Zi′j′...l′t′))KHz(Zij...lt, Zi′j′...l′t′)

= IIcN1
+ IIcN2

− 2IIcN3
, (I.32)

where the definitions IIcNs , for s = 1, 2, 3, should be apparent from the context.
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Considering the behavior of IIcN1
, it can be written as a second-order U-statistic of the form

IIcN1
=

R∏
r=1

(
Nr

2

)−1 N1−1∑
i=1

N1∑
i′=1+i

N2−1∑
j=1

N2∑
j′=1+j

. . .

Nl−1∑
l=1

Nl∑
l′=1+l

Hc

N(χij...l, χi′j′...l′)|Hz|−1,

where now χij...l = (Z1ij...l, Z2ij...l) and Hc
N(χij...l, χi′j′...l′) is a symmetric, centered and degen-

erate variable of the form

Hc

N(χij...l, χi′j′...l′) =

(
T

2

)−1 T−1∑
t=1

T∑
t′=1+t

ṽij...ltṽi′j′...l′t′K(Zij...lt, Zi′j′...l′t′).

LetGc
N(χ11...1, χij...l) = E[Hc

N(χ11...1, χij...l)H
c
N(χ22...2, χij...l)], straightforward calculations yield

a similar result as in (I.30). Under Assumption 3.3, it can be shown that IIcN1
has zero mean

and

V ar(IIcN1
) =

2(R+1)(T − 1)σ4
vR

q(K)

N2T 3|Hz|
E[E[tr{Xij...ltX

>
i′j′...l′t′}2|Zij...lt]f(Zij...lt)](1 + op(1)).

Previously it was shown that β̂(z;Hz) − β(z) = Op

(
‖Hz‖+

√
lnN

N|Hz |

)
. Following similar

arguments as in Li and Wang (1998) and Zheng (1996), it is easily shown that the test

statistic to analyze is

N|Hz|1/2ÎcN1
= N|Hz|1/2IIcN1

+Op(
√
N|Hz|‖Hz‖) +Op(|Hz|1/2), (I.33)

given that we can prove that N|Hz|1/2IIN2
= Op(N|Hz|1/2‖Hz‖4) and N|Hz|1/2IIN3

= Op(‖Hz‖2)+
Op(N−1/2|Hz|−1/2), whereas N|Hz|1/2IIN2

= Op(N|Hz|1/2) and N|Hz|1/2IIN3
= Op(1) under Hc

1 .

Using the CLT in Theorem 4.1 in (I.33), we can conclude that, under Assumption 3.7 and

as Nmax →∞,

N|Hz|1/2ÎcN
d−−→ N(0,Σc), (I.34)

where Σc = 2(R+1)(T−1)σ4
vR

q(K)

T3 E[E[tr{Xij...ltX
>
i′j′...l′t′}2|Zij...lt]f(Zij...lt)]. Following a similar rea-

soning as in (I.28) and using the fact that supz∈IR |β̂(Z1ij...lt;Hz)−β(Z1ij...lt)| = Op (‖Hz‖2 + (N|Hz|)−1/2)

and vij...lt is an independent random variable of (Xij...lt, Zij...lt), it is straightforward to show

that Σ̂c converges in probability to a finite positive constant. Combining the above results,

we are able to prove that J cN diverges to +∞ at the rate N|Hz|1/2 and the proof of the theorem

is finished.
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