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The exam consists of four questions on four pages. Each question is of equal value.

1. Consider the regression model y = Xβ + e, where there exists a vector of instruments

Z such that E(e|Z) = 0. With this information, answer the following:

(a) Suppose E(e|X) = 0, derive an unbiased estimator for β.

(b) For the estimator derived in part (a), show that the estimator is unbiased.

(c) Suppose E(e|X) 6= 0, derive an unbiased estimator for β.

(d) For the estimator derived in part (c), show that the estimator is unbiased.

(e) For the estimator derived in part (c), show that the estimator is consistent.
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2. Consider the regression model y = Xβ + e, where e|X i.i.d. N(0, σ2In). Noting that

the pdf of a normal distribution is defined as

φ(e) =
1√

2πσ2
exp

[
−1

2

(
e− µe

σ

)2
]

where µe is the mean of e and σ2 is its variance, answer the following:

(a) Derive the log-likelihood function.

(b) Derive the estimator of β from the log-likelihood function in part (a).

(c) Derive the estimator of σ2 from the log-likelihood function in part (a).

(d) Using the results from parts (b) and (c), what is the maximized log-likelihood?

(e) Derive the asymptotic distribution of the estimator of β from part (b).

2



3. Consider the regression model y = x1β1 + x2β2 + x3β3 + e = Xβ + e, where β is a

k(= 3) × 1 vector, E(e|x1, x2, x3) = 0 and E(e2|x1, x2, x3) = σ2. We are interested in

testing linear restrictions on the coefficient vector, i.e., θ = r (β) = R′β. With this

information, answer the following:

(a) Consider the null H0 : β1 = 0 versus the alternative H1 : β1 6= 0, define R.

(b) For the null hypothesis in part (a), define the test statistic and state its asymptotic

distribution.

(c) Consider the null H0 : β1 = β2 versus the alternative H1 : β1 6= β2, define R.

(d) For the null hypothesis in part (c), define the test statistic and state its asymptotic

distribution.

(e) Consider the null H0 : β1 = β2 = 0 versus the alternative H0 is not true, define R

and the corresponding test statistic.
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4. Suppose we are interested in the role of education (educ) and experience (exper) on

wages (wage). However, the level of education (educ) depends upon unobserved ability

(abil). We hope to resolve this endogeneity via the instrument, mother’s education

(mothereduc). Considering the lines of R code below, answer the following:

exper2 <= exper ˆ2

reg1 <= lm( educ˜exper+exper2+mothereduc )

h . educ <= f i tted ( reg1 )

reg2 <= lm( log ( wage )˜h . educ+exper+exper2 )

(a) Define each variable in this scenario: outcome (Y ), endogenous (X), and exdoge-

nous (both included and excluded, Z = (Z1, Z2)).

(b) Write down the equations being estimated in the code in terms of Y , X and Z

with the corresponding parameters and errors.

(c) State the assumptions of the model in part (b).

(d) Use a directed acyclic graph (DAG) to draw the model in part (b).

(e) What can be said about the standard errors obtained directly from the fourth line

of code?
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